Anisotropies in the Cosmic Microwave Background

Martin White, Douglas Scott, Joseph Silk Center for Particle Astrophysics and Departments of Astronomy and Physics University of California, Berkeley, CA 94720

KEY WORDS: background radiation, cosmology, theory, dark matter, early universe

Short title: CMB Anisotropies

Appeared in Ann Rev Astron & Astrophys, 32, 319–370, 1994

white@ucbast.berkeley.edu dscott@bkyast.berkeley.edu silk@ucbast.berkeley.edu

1 Introduction

In 1964, Penzias & Wilson (1965) serendipitously detected the microwave background as anomalous excess instrumental noise, coming from all directions and corresponding to a temperature of ∼ 3 K. This was immediately interpreted as being a relic of the Primeval Fireball by Dicke et al (1965), who had already been preparing an experiment in the hope of detecting it. Recently the remarkable success of the FIRAS instrument on the COBE satellite has confirmed that the cosmic microwave background radiation has a Planck spectrum with (Mather et al 1994)

T_0 = 2.726 ± 0.010 K (95% CL). (1)

Since thermalization occurred in the standard Big Bang model at an epoch t ∼< 1 yr or T ∼> 10^7K, the blackbody nature of the cosmic microwave background strongly suggests an origin in the early universe. The remote origin of the CMB was further supported by the high degree of isotropy apart from the detection, in 1975, of the dipole anisotropy (Corey & Wilkinson 1976, Smoot et al 1977). The best-fitting dipole is D_{obs} = 3.347 ± 0.016 mK (95% CL) towards (ℓ, b) = (265^∘.6 ± 0^∘.8, 48^∘.3 ± 0^∘.5) (Smoot et al 1991, 1992, Kogut et al 1993, Fixsen et al 1994). After correction for the motion of the Earth around the Sun, the Sun around the Galaxy, and the Galaxy relative to the center of mass of the Local Group, one infers (Smoot et al 1991, Kogut et al 1993) that our Local Group of galaxies is moving at a velocity of 627 ± 22 km s^{−1} in a direction (ℓ, b) = (276^∘ ± 3^∘, 30^∘ ± 3^∘). Convergence of the local velocity vectors to the CMB dipole does not occur until a distance of > 100 h^{−1}Mpc according to the dipole measured in the IRAS all–sky galaxy redshift survey (Strauss et al 1992) and possibly to > 150 h^{−1}Mpc if the recent claim of a dipole in the nearby Abell cluster frame is confirmed (Lauer & Postman 1992, 1993). Theoretical arguments actually suggest that convergence may only be logarithmic (Juszkiewicz et al 1990) if the large–scale density fluctuation spectrum has the Harrison-Zel’dovich form, δρ/ρ ∝ λ^{−(n+3)/2} with n = 1 (Harrison 1970, Peebles & Yu 1970, Zel’dovich 1972).

Detection of anisotropy on smaller scales than that of the dipole has proved extremely difficult. The original detection paper set limits of about 10% on any anisotropy (Penzias & Wilson 1965). By 1968, the first simplistic theoretical predictions suggested that galaxy formation implied fluctuations in the CMB of the order of 1 part in 10^2 (Sachs & Wolfe 1967) or 10^3 (Silk 1967, 1968). As experimental sensitivity improved, the theoretical calculations grew more sophisticated (e.g. Peebles & Yu 1970, Doroshkevich et al 1978, Wilson & Silk 1981), predicting ΔT /T ∼ 10^{−4} for universes containing predominantly baryonic matter. Claims of an electron neutrino mass of about 30eV (Lyubimov et al 1980) stimulated interest in non-baryonic dark matter–dominated universes (e.g. Bond et al 1980, Doroshkevich et al 1980). Neutrinos as dark matter failed to account for structure formation (e.g. Kaiser 1983, White et al 1983, 1984) despite the fact that the neutrino window (now closed for ν_e but still open for ν_μ or ν_τ ) allows neutrinos to be a plausible dark matter candidate (e.g. Steigman 1993).

After 1980, the inflationary cosmology (see Narlikar & Padmanabhan 1991 for a review) revived interest in non– baryonic dark matter, now considered more likely to be of the cold variety (e.g. Peebles 1982a, Blumenthal et al 1984, Frenk et al 1990). The hot/cold classification (Bond & Szalay 1983) amounts to the velocity dispersion of the candidate particle being much greater or much less than the canonical escape velocity of a typical galaxy: ∼ 300 kms^{−1} at the epoch of equal densities of matter and radiation, 1 + z_{eq} = 23,900 (Ω_0h^2). Only at later times does substantial sub-horizon fluctuation growth occur.

As limits improved on small-scale fluctuations, to ΔT /T ∼ 10^{−4} (Uson & Wilkinson 1984), refined theoretical estimates showed that, with the aid of dark matter, one could further reduce ΔT /T by an order of magnitude. (For a summary of the pre-COBE experimental situation see Partridge 1988, Readhead & Lawrence 1992). The experimental breakthrough came in 1992 (Smoot et al 1992) with the first detection of large angular scale anisotropies of cosmological origin in the CMB by the COBE DMR experiment (Smoot et al 1990). This has since been confirmed by at least one other experiment (Ganga et al 1993). The sky coverage and frequency range spanned means that one can now, with confidence, eliminate any galactic explanation, as well as the possibility that nearby superclusters containing diffuse hot gas are imprinting Sunyaev–Zel’dovich fluctuations on the CMB (Hogan 1992, Rephaeli 1993a,b, Bennett et al 1993). This is further strengthened by the lack of correlation with the X-ray background (Boughn & Jahoda 1993). Fluctuations are telling us about density perturbations at z ∼ 1000. The first year DMR data represent a > 7σ detection, with the best determined measurement being the sky variance on scales of 10^∘, σ_{obs}(10^∘) = 30 ± 5 μK (Smoot et al 1992).

Several other experiments have subsequently reported detections on intermediate angular scales, ∼ 1^∘ (with 9 separate claims of detection of fluctuations by the end of 1993). These are all generally consistent with the COBE amplitude, given plausible extrapolation from the large angular scales, as described below, although there is cause for serious concern about foreground galactic contamination as a consequence of limited sky and frequency coverage.

We are certainly now on the verge of a quantum leap in cosmological modelling. Large–scale ‘seed’ power has been discovered at a level of ΔT /T ∼ 10^{−5}. These fluctuations are the fossil precursors of the largest structures we see today, on scales of ≤ 50 h^{−1}Mpc. On angular scales ≥ 10^∘, they are also relics of the apparently acausal initial conditions in the Big Bang, which are accounted for by inflationary cosmology, and hence provide a possible verification of inflation. Gravity waves are another legacy from inflation, and can leave a distinguishable signature imprinted on the CMB (see Burke (1975) and Doroshkevich et al (1977) for a pre-inflation view). Indeed, there have been recent proposals to utilize the CMB fluctuations on large scales to reconstruct the inflaton potential.

The connection between large-scale power in the matter distribution and that in the CMB is conceptually simple, if at early epochs one is in the linear regime. The direct comparison in scales is simply that at large redshift, a comoving scale of 100 Mpc projects to an angular scale of approximately (Ω_0h) degrees. Complications arise for several reasons. Inflation predicts the fluctuations are Gaussian. However, in non-inflationary cosmologies, especially likely if Ω_0 < 1 as favoured by observations of the local universe, the intial conditions are non–Gaussian. Moreover, one may have non–linear topological defects as the source of seed density fluctuations. We cannot yet predict with much confidence the likely implications of such models for CMB anisotropies, largely because the connection with large–scale structure observations, to which the theory must ultimately be normalized, is tenuous.

Given an initial spectrum of density fluctuations, δ(k), one can calculate the transfer function to obtain the radiation power spectrum P_{rad}(k). The scale z_{eq} ∝ (Ωh^2)^{−1} is imprinted, thereby inevitably guaranteeing a dependence on both Ω_0 and, when normalized to an observed scale, H_0. Curvature can complicate the matter further since, in a low Ω_0 universe, on scales large than the curvature radius there is no unique definition of the matter fluctuation power spectrum.

Other cosmological model parameters that enter less directly are Ω_B, Ω_Λ and Ω_ν , the contributions of Ω_0 in baryons, vacuum and massive neutrinos, respectively. These all modify the detailed transfer function for a given δ(k). The ionization history of the Universe is yet another unknown. The intergalactic medium is highly ionized at z = 5. If it were even ninety percent ionized at z ∼> 20, the modification of the predicted ΔT /T can become significant, at the 10-20 percent level, on angular scales of a few degrees. If ionization occurred much earlier, there is strong smoothing of degree scale fluctuations, but at the cost of re-generating them together with subarcminute scale fluctuations in second order on the new last scattering surface.

This review is arranged as follows. Section 1 presents an overview of recombination, and introduces the various sources of temperature fluctuations. Section 2 summarizes structure formation theory, and the different fluctuation modes. The power spectrum formalism is described in Section 3. In Section 4, we review Gaussian autocorrelation function fitting, window functions, and alternative approaches to data analysis. Higher order effects (such as reionization) are described in Section 5. Problems arising from various type of uncertainties we summarize in Section 6. Section 7 discusses alternatives to the ‘standard’ model and Section 8 describes some issues that a new generation of experiments will have to address.

1.1 Recombination

The photons we observe from the microwave background have travelled freely since the matter was highly ionized and they suffered their last Thomson scatterings. If there has been no significant early heat input from galaxy formation, then this happened when the Universe became cool enough for the protons to capture electrons (the recombination epoch). If the Universe was reionized early enough, then the photons will have been scattered more recently, the effects of which we discuss in section 5.1. To understand the CMB fluctuations we observe, it is crucial to have a good picture of the recombination process.

The process of recombination would proceed via the Saha equation (see e.g. Lang 1980), except that recombinations to the ground state are inhibited by the recombination process itself (Novikov & Zel’dovich 1967). Thus recombination is controlled by the population of the first excited state, and the physical processes which either populate or depopulate it in the expanding Universe. This problem was first worked out in detail by Peebles (Peebles 1968) and at about the same time by Zel’dovich et al (1968).

Any modification in our understanding of recombination would be crucial for microwave background anisotropies, but in fact little has changed since the seminal work of the late 1960’s, the only significant improvement being that of Jones & Wyse (1985), who refined some of the earlier assumptions and included the possibility of non-baryonic matter. Matsuda, Sato & Takeda (1971) considered the effects of collisional processes, which are negligible, and Krolik (1989,1990) showed that two previously unconsidered scattering effects in the Ly α line almost completely cancel one another.

Solving the coupled equations for ionized fraction and matter temperature gives the evolution of the ionized fraction x_e(z) ≡ n_e/n_B and the visibility function g(z) ≡ e^{−τ} dτ /dz, for Thomson scattering optical depth τ . This function measures the probability that the radiation was last scattered in a redshift interval dz. It is reasonably well approximated by a Gaussian with mean z_{rec} ≃ 1100 and width Δz ≃ 80, largely independent of Ω_0, Ω_B and H_0, as shown in Table 1.

Thus the epoch and thickness of the last scattering surface can be assumed to be independent of the cosmological model, although the amount of scattering will depend on Ω_B h^2, the angular scales will depend on Ω_0 etc. Useful approximations to x_e(z) and g(z) are given by (Sunyaev & Zeldovich 1970, Zabotin & Nasel’skiĭ 1982, Jones & Wyse 1985, Grachev & Dubrovich 1991, Fink 1993). Note that z_{rec} = 1100 corresponds to T_{rec} = 0.26 eV, and t_{rec} = 5.6 × 10^{12}(Ω_0h^2)^{−1/2} sec. The thickness of the last scattering surface Δz = 80 at this epoch corresponds to a comoving scale of 6.6 Ω^{−1/2}_0 h^{−1}Mpc and an angular scale of 3^′.8 Ω^{1/2}_0 .

Ω_0 0.1 0.2 1 Ω_B 0.1 0.05 0.01 0.05 0.01 0.1 0.05 0.01 h 0.5 1 0.5 1 1 0.5 1 1 0.5 1 0.5 1 1 z_{rec} 1060 1110 1070 1060 1100 1080 1060 1100 1080 1070 1100 1080 1170 Δz 81.8 85.1 85.8 82.5 98.4 89.5 84.4 106 91.5 85.5 104 92.1 135

Table 1: Parameters for the redshift of recombination for a range of cosmologies. The location and width are obtained by fitting a Gaussian to exp(−τ )dτ /dz.

It is also worth pointing out that in the expanding Universe the fractional ionization approaches a constant, which is significantly different from zero x_e(residual) ∝ (Ω_0h^2)^{1/2}(Ω_B h^2)^{−1}. For models with significant reionization, radiation drag may also be important (see e.g. Rees 1977, Peebles 1993). The fluctuations cannot grow until the photons release their hold on the matter which happens at 1 + z_{drag} ≃ 120 (Ω_0h^2)^{1/5}x^{−2/5}_e .

There is a prediction that there must be broad lines in the CMB spectrum due to the photons produced during H (and He) recombination at z_{rec}. These distortions may be large in the Wien region (Peebles 1968, Zel’dovich et al 1968, Lyubarski & Sunyaev 1983, Fahr & Loch 1991), but there are few photons out there, so this effect will be swamped by the background at ∼ 100μm. In the Rayleigh-Jeans region, where there are more photons, the distortions are small (Dubrovich 1975, Bernstein et al 1977), although they may be enhanced if there is some extra energy injection during recombination (Lyubarski & Sunyaev 1983). If such lines could ever be detected they would be a direct probe of Δz and the physics of recombination. Recombination can also lead to trace amounts of the primordial molecules H_2, HD, LiH etc. (Lepp & Shull 1984, Puy et al 1993). Resonance scattering by intergalactic LiH molecules at z ∼< 400 may possibly result in smoothing of CMB fluctuations up to degree scales (Dubrovich 1993, Melchiorri 1993, Maoli et al 1993) at long wavelengths, as the resonance line is redshifted.

1.2 Sources of �T=T

In the standard recombination picture, the cosmic plasma becomes neutral, and the microwave background photons are last scattered, at redshifts z ∼ 1100. Hence any observed variation in the intensity of these photons gives us direct information about the Universe at that epoch, and potentially much earlier when the fluctuations were initially laid down. The theory behind microwave background anisotropies is reviewed by Kaiser & Silk (1986), Bond (1988), Efstathiou (1990) and others. Several effects contribute to fluctuations in the observed temperature of the radiation (in rough order of importance with decreasing angular scale):

• ΔT /T = V_⊙/c dipole anisotropy, where V_⊙ is our motion relative to the radiation; • ΔT /T = −δϕ gravitational potential or Sachs-Wolfe fluctuations; • ΔT /T =^1/3 δρ/ρ if the perturbations are adiabatic; • ΔT /T = −^1/3 δS if the perturbations are isocurvature; • ΔT /T = v/c Doppler shifts, when the photons were last scattered; • ΔT /T = −2kT_e/(m_ec^2) Sunyaev-Zel’dovich fluctuations caused by scattering off hot electrons.

We are not concerned here with the dipole contribution (which up until COBE was the only measured temperature variation), since it is ‘extrinsic’, being caused by our local motion (Peebles & Wilkinson 1968). [The ‘intrinsic’ dipole is expected to be of similar amplitude to the quadrupole, i.e. ∼ 100 times smaller; similarly the ‘extrinsic’ quadrupole has amplitude^1_2 (v/c) of the dipole]. Sachs-Wolfe (1967) fluctuations dominate at the largest scales, above that subtended by the horizon at last scattering. Large-scale anisotropies are higher in the case of isocurvature perturbations because the potential and intrinsic fluctuations add rather than partially cancelling as in the case of adiabatic perturbations (Efstathiou & Bond 1986, Kodama & Sasaki 1986. See section 2.4). These large-scale fluctuations are largely independent of any reionization, simply because no causal process during the scattering epoch can affect scales larger than the horizon size. At scales smaller than this, the radiation perturbations relax to a state of pressure equilibrium; therefore there are essentially no fluctuations caused by the peculiar gravity at small scales (Kaiser 1984).

Whether Sunyaev-Zel’dovich (Zel’dovich & Sunyaev 1969, Sunyaev & Zel’dovich 1970, 1972) fluctuations will be important depends on details of the distribution of hot electrons during a possible reionization. They will be largest in pancake (Szalay et al 1983, SubbRao et al 1994), explosion (Hogan 1984) or other models with significant re-heating. However ΔT /T ∼ 10^{−5} is expected in nearby rich clusters on arc minute scales (e.g. Sunyaev 1978, Rephaeli 1981, Schaeffer & Silk 1988, Cole & Kaiser 1988, Trester & Canizares 1989, Cavaliere et al 1991, Bond & Myers 1991, Makino & Suto 1993), irrespective of reionization, with fluctuations in arbitrary directions an order of magnitude smaller (e.g. Markevitch et al 1991, Scaramella et al 1993). This effect causes a spectral distortion, which is easiest to observe as a decrement in the Rayleigh-Jeans part, and hence can be distinguished from the other effects, which are primeval in origin (Sunyaev & Zel’dovich 1972, Zel’dovich et al 1972). S-Z distortions have been seen in a few of the richest clusters (e.g. Gull & Northover 1976, Birkinshaw et al 1981, 1984, Uson 1986, Birkinshaw 1990, Klein et al 1991, Herbig et al 1992, Birkinshaw et al 1993. Wilbanks et al 1993, Jones et al 1993).

At small angular scales, the dominant mechanisms are the adiabatic fluctuations (Silk 1967) and scattering off moving electrons (Sunyaev & Zel’dovich 1970). In addition there is a complication at small scales, caused by gravitational lensing of the microwave background radiation by clustered matter (Chitre et al 1986, Blanchard & Schneider 1987, Kashlinsky 1988, Linder 1988a,1990, Feng & Liu 1992), but Cole & Efstathiou (1989), Tomita & Watanabe (1989) and Sasaki (1989) have shown that the effects are negligible for most models of galaxy formation, except perhaps at sub-arcminute scales (Cayón et al 1993a,b,c). Lensing can enhance fluctuations on the smallest scales; the effect can be considered as observing the CMB with a beamwidth of order the dispersion of deflection angles. Furthermore, discrete sources at high redshift, with their radiation reprocessed by one of several emission mechanisms, could produce frequency-dependent fluctuations which would increase towards small angular scales (e.g. Dautcourt 1977, Sunyaev 1977, 1978, Hogan 1980, 1982, Korolëv et al 1986, Bond et al 1986, 1991a). Of course, faint radio sources, as well as diffuse emission from our own Galaxy, can give anisotropies, although they are normally regarded as a contaminant rather than a source (e.g. Danese et al 1983, Banday & Wolfendale 1990, 1991a,b, Banday et al 1991, Franceschini et al 1989, Masi et al 1991, Brandt et al 1993).

Schematically, calculations of the contribution from different sources are performed via an integral through the scattering surface (see however section 5.1). For example, for the Doppler-induced variations, the total perturbation to the radiation temperature can be expressed as: ΔT T = ∫ ( v_‖ c ) e^{−τ} dτ dt dt, (2) where the integrand is evaluated at time t, with τ the optical depth measured from the present back to t, and v_‖ the component of peculiar velocity along the line of sight. The exponential factor is an approximation which allows for the effect of multiple scatterings, a very good approximation since the predicted fluctuations are so small.

In fact to obtain accurate estimates of the fluctuations, and to determine the angular power spectrum, numerical calculations need to be done (see section 3.2). However, there are semi-analytical methods for either standard recombination, using the tight-coupling limit [which gives both the matter and radiation spectra] (Doroshkevich et al 1978, Bonometto et al 1983, 1984, Starobinskiĭ 1988, Doroshkevich 1988, Artio-Barandela et al 1991, Dodelson & Jubas 1993b, Atrio-Barandela & Doroshkevich 1994a) or for reionization, using the free-streaming approximation [which assumes a given T_m(k)] (Vishniac 1987, Efstathiou 1988, Hu et al 1994, Atrio-Barandela & Doroshkevich 1994b).

2 Theory

2.1 Inflation

Perhaps the most well studied paradigm for producing density fluctuations in the early universe is the inflationary mechanism. A review of the inflationary predictions for primordial power spectra has recently been completed by Liddle & Lyth (1993). We will include here a brief overview for completeness (see also Narlikar & Padmanabhan 1991).

An inflationary phase drives the Universe towards flat spatial hypersurfaces, i.e. Ω + Λ/3H^2 = 1, or Ω_0 = 1 if there is no cosmological constant today (which is the standard assumption, also generally adopted in this review). In the inflationary paradigm, the fluctuations which cause temperature anisotropies in the CMB are generated by fluctuations in quantum fields during the inflationary phase. The wavelength of the fluctuations is stretched by the general expansion until they represent modes outside the horizon. For such modes the equation of motion is simple: the amplitude is a constant or, in the common jargon, they are “frozen in”. When the period of inflation ends, the horizon grows faster than the scale factor, and eventually (today) these fluctuations “reenter” the horizon. For a massless field, since the amplitude of the fluctuation is frozen in while the energy of each quantum is redshifting with the general expansion, the number of quanta describing each state has to increase dramatically. Thus when the fluctuation reenters the horizon it can be considered to evolve classically.

During inflation, when the perturbations were generated, the scale is set by the Hubble constant, so we expect that the power spectrum of fluctuations is proportional to (H_k/m_{P l} )^2 where H_k is the Hubble constant at the time mode k left the horizon during inflation. This is the entire story for isocurvature fluctuations. For fluctuations in the inflaton field, which are adiabatic and the primary source of density perturbations from inflation, a solution of the perturbed Einstein equations shows that the energy density associated with the fluctuation grows while it is outside the horizon. The growth depends on the details of the inflaton potential V . The final result is that adiabatic fluctuations are enhanced over their isothermal counterparts by a factor of (V /V^′)^2 (see e.g. Kolb & Turner 1990).

If, during inflation, the Hubble constant changes only slowly, then we expect that the spectrum should be nearly scale invariant (in horizon crossing coordinates) or Harrison-Zel’dovich. If H_k is nearly constant then so is V (using the Friedman equation) and we expect the enhancement of the adiabatic fluctuations to be large. As the potential becomes steeper the spectrum becomes more tilted, and the isocurvature fluctuations can become comparable to their adiabatic counterparts. Since in general V decreases with time, the slope of the power spectrum from inflation generically has more power on larger scales (see however Mollerach et al 1993).

The inflationary paradigm generally assumes that the inflaton field, or other fluctuating fields, are weakly coupled during the epochs under consideration. In this case the fluctuations are predicted to be Gaussian. Models in which the inflaton field couples strongly to other fields or has non-negligible self interactions can give rise to non-Gaussian fluctuations (Allen et al 1987). Also if the evolution equations for the inflaton field are non-linear, it is possible that fluctuations can be non-Gaussian (Kofman et al 1991, Moscardini et al 1991, Scherrer 1992).

2.2 Structure formation theories

The standard model of structure formation, which we shall use to explore the CMB fluctuations on degree scales, has been the Cold Dark Matter (CDM) model (e.g. Peebles 1982a, Blumenthal et al 1984, Davis et al 1985, Ostriker 1993). In this model Ω_0 = 1, with a variable fraction Ω_B residing in baryons and the rest in massive (non-relativistic) dark matter. The initial fluctuations are assumed to be Gaussian distributed, adiabatic, scalar density fluctuations with a Harrison-Zel’dovich spectrum on large scales, i.e. P_{mat}(k) ∝ k^n with n = 1.

Under these assumptions the matter power spectrum can be calculated. It depends only on Ω_B and the Hubble constant H_0 = 100 h kms^{−1}Mpc^{−1}. The main feature is a turnover from the P_{mat}(k) ∝ k form at large scales (small k) to a k^{−3} falloff at small scales (large k). The turnover occurs at k ≃ 0.01 h Mpc^{−1}, the horizon size at matter-radiation equality. The reason for this turnover is that perturbations which enter the horizon before the universe becomes matter dominated do not grow. This retards the growth of fluctuations on small scales, which spend longer inside the horizon during the radiation dominated era. It is assumed the baryons fall into dark matter potentials that formed due to gravitational instability once the photon drag becomes small enough. The standard (Ω_0 = 1, n = 1, h = 0.5) CDM matter spectrum (Holtzman 1989) has been plotted as the solid line in Figure 1 along with the power spectrum for the other models discussed in this section.

An alternative to CDM, now out of favour, is the Hot Dark Matter (HDM) model (e.g. Zel’dovich 1970, Bond et al 1980, Bond & Szalay 1983, Centrella et al 1988, Anninos et al 1991, Cen & Ostriker 1992). In this model the difference between Ω_B and Ω_0 = 1 is made up of relativistic particles. These relativistic particles have a minimum scale on which gravitational instability can cause overdensities due to their free streaming. This leads to a small scale (large k) cutoff in the power spectrum as shown by the short-dashed line in Figure 1 (Holtzman 1989) for Ω_ν = 0.94 and h =^1_2 (m_ν = 22eV). In this model galaxies form by the fragmentation of larger structures unless there is some extra small-scale power (e.g. Dekel 1983, Brandenberger et al 1990, Gratsias et al 1993).

A popular idea currently (e.g. Schaefer & Shafi 1992, M Davis et al 1992, van Dalen & Schaefer 1992, Taylor & Rowan-Robinson 1992, Holtzman & Primack 1993, Klypin et al 1993), is the Mixed Dark Matter (MDM) model (Shafi & Stecker 1984, Achilli et al 1985, Umemura & Ikeuchi 1985, Bardeen et al 1987, Schaefer et al 1989, Holtzman 1989) which combines the above two scenarios, and may account for the extra power in large-scale structure measurements over the predictions of CDM (e.g. Maddox et al 1990, Kaiser et al 1991) The current favourite has a HDM component (of relic, massive neutrinos say, with m_ν ≃ 7 eV) of 30% of closure density and a CDM component (plus baryons) making up the rest. The radiation power spectrum for this model is very similar to that of CDM except on the very smallest scales where it is already strongly damped by the thickness of last scattering (see section 3.2). An approximation to the

Figure 1: The matter power spectrum for a range of models of structure formation. The models are: CDM (solid), tilted CDM (dotted), HDM (short dashed), ΛCDM (long dashed), MDM (dot-short-dashed) and BDM (dot-long-dashed). All models have been arbitrarily normalized to 1 at k = 0.2 h Mpc^{−1}, which corresponds roughly to σ_8 normalization.

matter power spectrum is shown by the dot-short-dashed line of Figure 1 (Holtzman 1989).

Alternatively, the difference between the CDM component and Ω_0 ≃ 1 could be made up of a cosmological constant (e.g. Peebles 1984, Turner et al 1984, Efstathiou et al 1990, Kofman et al 1993). Including a non-zero Λ has little effect on large-scale structure, other than the enhancement of large-scale power due to lowering Ω, an effect that is used to account for the galaxy-galaxy correlations found in deep surveys (Maddox et al 1990, Loveday et al 1992) as well as to allow an older universe (e.g. Gunn & Tinsley 1975). The matter power spectrum for Ω_Λ = 0.8 and h = 1 (Efstathiou et al 1992) is shown in Figure 1.

On all but the smallest scales, the CDM, HDM, ΛCDM and MDM models give very similar radiation power spectra, showing that large and intermediate scale CMB fluctuations are not very sensitive to the form of the dark matter which makes Ω_0 = 1 in these models. Since the shape of the matter spectra are changed however the relation between the large-scale power and the ‘bias’ is changed, affecting comparison with large-scale structure studies.

Instead of modifying the matter content of the model, one variant sticks with Ω_0 = 1 in CDM, but modifies the initial power spectrum away from the Harrison-Zel’dovich form (e.g. Vittorio et al 1988, Salopek et al 1989, Cen et al 1992, Lucchin et al 1992, Fry & Wang 1992, Liddle et al 1992, Adams et al 1992, Cen & Ostriker 1993, Gottlober & Mucket 1993, Muciaccia et al 1993, and Suto et al 1990 for CMB constraints). Such “tilted” spectra can be (but are not always) associated with a stochastic background of gravitational waves. The most commonly discussed model has a spectral slope of n ≃ 0.7 (to be compared with the standard n = 1 slope) and is shown by the dotted line in Figure 1.

The Baryonic Dark Matter model (BDM, also known as PBI or PIB, see section 7.2) differs from its cold and hot dark matter rivals in that it does not assume Ω_0 = 1 and postulates isocurvature rather than adiabatic fluctuations (Peebles 1987a,b, Cen et al 1993). The fluctuation spectrum is not taken to be Harrison-Zel’dovich but the slope of the spectrum of entropy fluctuations m is promoted to a free parameter that is adjusted to fit observational data. The transfer function T (k) → k^2 at small k and → 1 at large k. The principal feature of the (matter) power spectrum is a large ‘bump’ at the matter-radiation Jeans length (Doroshkevich et al 1978, Hogan & Kaiser 1983, Jørgensen et al 1993), the height of which will depend on the ionization history and the values of Ω_B and h. The ‘bump’ at large scales may help explain some of the large-scale velocity measurements (Groth et al 1989). Figure 1 shows a particular model (Cen et al 1993) which has m = −0.5, Ω_0 = Ω_B = 0.1, h = 0.8 and x_e = 0.1 (dot-dash line).

An orthogonal approach to structure formation is that of the defect models e.g. global monopoles and textures or cosmic string models. In these models, field configurations known as ‘defects’ which arise due to a phase transition in the early universe form the seeds for matter and radiation fluctuations. The prototypical defect model is the cosmic string model where the ‘defect’ is 1 dimensional. In this model all the string properties are described by the mass per unit length of the string μ. Cosmologically interesting strings have Gμ ∼ 10^{−6}. In this model most of the fluctuations are imprinted at high redshift. The fluctuations are non-Gaussian, having strong phase correlations which lead to sharp line discontinuities on the sky (Kaiser & Stebbins 1984, Brandenberger & Turok 1986, Stebbins 1988, Bouchet et al 1988). Most defect models being discussed now (e.g. D Bennett et al 1992, Bouchet et al 1992, Veeraraghavan & Stebbins 1992, Hara et al 1992, Perivolaropoulos 1993a, Bennett & Rhie 1993, Pen et al 1993, Hindmarsh 1993, Coulson et al 1993, Brandenberger 1993) will produce a roughly scale-invariant CMB fluctuation spectrum as required. The major difference lies in the non-Gaussianness. Since on large scales (e.g. COBE), many ‘defects’ contribute to the observed fluctuations, the central limit theorem suggests the fluctuations will look Gaussian. One has to go to smaller scales (e.g. 1^∘) to observe significantly non-Gaussian structure. It is not clear whether there will be an easily detectable difference between the Gaussian and non-Gaussian models currently being considered.

2.3 The correlation function

It is conventional in CMB work to expand the temperature fluctuations in spherical harmonics ΔT /T (θ, ϕ) = ∑ ℓm a_{ℓm}Y_{ℓm}(θ, ϕ), and work in terms of the multipole moments a_{ℓm}. One can define the sky correlation function

C_{sky}(θ_{21}) = ⟨ ΔT (n̂_1) T ΔT (n̂_2) T ⟩ 21 (3) where the average is taken over the (observed) sky with the separation angle θ_{21} held fixed. Using the properties of Y_{ℓm} the correlation function C_{sky}(θ_{21}) (hereafter we will drop the subscript ‘sky’) is C(θ) = 1 4π ∑ ℓ a^2_ℓ P_ℓ(cos θ), (4)

where we have introduced the rotationally symmetric quantity a^2_ℓ ≡ ∑ m |a_{ℓm}|^2. The a^2_ℓ are not to be confused with (2ℓ + 1)C_ℓ (see later) which is often used to define the power spectrum of fluctuations in a Gaussian theory. At this point we have made no assumption about the underlying theory of fluctuations or the model of structure formation, the a^2_ℓ are purely measured quantities on our sky. [Note that other authors’ definitions of various quantities can differ by factors of 4π, (2ℓ + 1) or similar.] The COBE team (C Bennett et al 1992, Kogut et al 1993, Fixsen et al 1994, Bennett et al. 1994) quote results for the first two moments i.e. a_ℓT_0/ √ 4π for ℓ = 1, 2

D_{obs} = 3.347 ± 0.008 mK and Q_{obs} = 6 ± 3 μK. (5)

A common way of comparing theory and experiment is through the a_{ℓm}. Of course any actual measurement of a temperature difference on the sky involves finite resolution and experimental measurement strategies. These are usually included in the theoretically predicted correlation function through a “window” or “filter” function, W_ℓ, which will be described in section 4.2.

2.4 Fluctuations

Both inflation and defect models predict that the fluctuation spectrum should be stochastic in nature. Thus we live in one sample of an ensemble of “possible universes” which was drawn from a distribution specified by the underlying theory. Due to the weak coupling nature of most inflationary theories, the distribution of fluctuations is predicted to be Gaussian. [The assumption of Gaussian fluctuations is not to be confused with the further restrictive assumption of a Gaussian shape for the power spectrum.] In contrast most defect models predict a non-Gaussian character for the fluctuations.

As discussed in section 2.2 on large (e.g. COBE) scales fluctuations in almost all theories will look Gaussian. On smaller scales there is the possibility of detecting non-Gaussianness. There have been several tests for non-Gaussian fluctuations proposed, e.g. the total curvature or genus of isotemperature contours (Coles 1988b, Gott et al 1990, Brandenberger et al 1993), the distribution of peaks (Sazhin 1985, Zabotin & Nasel’skiĭ 1985, Bond & Efstathiou 1987,

Vittorio & Juszkiewicz 1987, Coles & Barrow 1987, Coles 1988a, Gutiérrez de la Cruz et al 1993, Cayón et al 1993c, Kashlinsky 1993b), skewness and kurtosis of the observed temperature distribution (Scaramella & Vittorio 1991, 1993a, Luo & Schramm 1993a, Perivolaropoulos 1993b, Moessner et al 1993) or the 3-point function (Falk et al 1993, Luo & Schramm 1993b, Srednicki 1993, Graham et al 1993). Of these, the 3-point function currently seems the most promising, although more work is needed to see if it can find departures from Gaussianness at the level predicted by the ‘defect’ theories.

In general the predictions of a theory are expressed in terms of predictions for the a_{ℓm}. If the fluctuations are Gaussian, the predictions are fully specified by giving the 2-point function for the a_{ℓm} (just as the matter spectrum P_{mat}(k) is predicted by giving ξ(r)). Using rotational symmetry it is conventional to write

⟨a^∗_{ℓm}a_ℓ′_m′ ⟩_{ens} ≡ C_ℓ δ_ℓ′_ℓδ_m′_m (6)

where the angled brackets here represent an average over the ensemble of possible universes. The prediction for CMB anisotropy measurements of a theory can thus be expressed as a series of C_ℓ’s. Alternatively one can work in k-space and define a (3 dimensional) power spectrum of fluctuations per wavelength interval. We describe this, and its relation to the C_ℓ’s, in section 3.2. For large ℓ, the C_ℓ’s are approximately the same as the 2-dimensional power spectrum of fluctuations (Bond & Efstathiou 1987).

2.4.1 Adiabatic

Any initial density perturbation may be decomposed into a sum of an adiabatic and an isocurvature perturbation. Since inflation naturally predicts adiabatic density perturbations we will consider these first.

Adiabatic modes are fluctuations in the energy density, or the number of particles, such that the “specific entropy” is constant for any species i (assumed non-relativistic here): δ ( n_γ n_i ) ∝ δρ_i ρ_i − 3 4 δρ_γ ρ_γ = 0 (7)

In terms of the perfect fluid stress-energy tensor of general relativity the assumption of an adiabatic perturbation is equivalent to assuming that the pressure fluctuation is proportional to the energy density perturbation. For a discussion of the classification and behaviour of adiabatic perturbations in relativity see Kolb & Turner (1990), Efstathiou (1990), and Liddle & Lyth (1993).

It has been the standard assumption that inflation predicts a “flat” or Harrison-Zel’dovich (n = 1) spectrum of adiabatic density fluctuations. Recently, with the advent of the COBE measurement, it has been emphasized that in fact inflation generically predicts departures from the simple n = 1 form. In “new” inflation the departure is logarithmic, viz. P_{mat}(k) ∝ k log^3(k/k_0), with k_0 ∼ e^{60}Mpc^{−1} – this can lead to an effectively tilted spectrum between say COBE scales and more traditional normalization scales (typically n ≈ 0.95) even though the spectrum is “flat” on large scales. In “power-law”, “chaotic”, “natural” or “extended” inflation, one can have power law spectra with n < 1. Exotic models of inflation even allow n > 1 (Mollerach et al 1993).

On scales larger than the horizon size at last scattering (i.e. ∼ 2^∘), the generation of temperature fluctuations from density inhomogeneities is straightforward to analyze. In addition to fluctuations in the temperature on the surface of last scattering (due to fluctuations in the radiation energy density), the matter perturbations give rise to potentials on the scattering surface and possibly time dependent perturbations in the metric. Any time dependence (such as gravity waves, to be discussed later) leads to energy non-conservation along the photon line of sight. The potentials give rise to a “red”-shifting of photons as they leave the last scattering surface. To first order in the perturbing quantity, the total energy change of a photon (above and beyond the cosmological redshifting) from the time it leaves the last scattering surface (emission) is the integral along the unperturbed path of the (conformal) time derivative of the metric perturbation (h_{μν}), plus the change in the potential between last scattering and observation (see appendix B): ( ΔT T ) SW = Φ | | | | o e − 1 2 ∫_o e h_{ρσ,0} n^ρn^σ dζ. (8) where n^ρ is the direction vector of the photon and ζ is a parameter along the line of sight. If h_{μν} is soley due to density perturbations the integrand is basically 4Φ̇ where overdot represents a (conformal) time derivative. Either or both of these terms are known as the Sachs-Wolfe effect. The simplest part is the potential difference between the last scatterers and the observer. [The other (integral) term is usually associated with a background of gravitational waves or non-linear effects or Ω_0 < 1 universes – see later.] To this energy shift must be added the temperature fluctuation on the last scattering surface itself. For fluctuations in the radiation field we have ΔT T = 1 4 δρ_γ ρ_γ = 1 3 δρ ρ (9) where the second equality follows from the adiabatic condition. Since an overdensity gives a larger gravitational potential (δρ/ρ = 2δϕ + O[(k/H)^2]) that a photon must climb out of, for adiabatic fluctuations the two terms partially cancel. One finds that ΔT /T = −^1/3 δϕ. The minus sign means that CMB hot spots are matter under-densities.

2.4.2 Isocurvature

Isocurvature modes are fluctuations in the number density of particles which do not affect the total energy density. They perturb the specific entropy or the equation of state, δs ≡ δ ( n_γ n_B ) ∝ δρ_B ρ_B − 3 4 δρ_γ ρ_γ ≠ 0 (10)

While such perturbations are outside the horizon, causality precludes them from becoming an energy density perturbation. Inside the horizon however pressure gradients can convert an isocurvature perturbation into an energy density fluctuation.

In addition to isocurvature density (scalar) perturbations, there is the possibility of isocurvature gravity wave (tensor) perturbations. We will discuss the possibility of tensor perturbations below, for now we will concentrate entirely on the density perturbations. The possibility of scalar isocurvature fluctuations is not well motivated by usual inflation models, although if more than one field contributes significantly to the energy density during inflation one can get isocurvature fluctuations (the energy density fluctuation is no longer proportional to the pressure fluctuation).

For isocurvature fluctuations, a positive fluctuation in the matter density (and therefore the gravitational potential) is compensated by a negative fluctuation in the photon temperature. The Sachs-Wolfe effect and the initial temperature fluctuation therefore add (rather than cancel as in the adiabatic case), giving rise to 6 times more large-scale ΔT /T for a given “matter” perturbation. For this reason isocurvature cold dark matter models that are normalized to give the observed peculiar velocities predict too large a temperature anisotropy in the CMB.

Specifically CDM isocurvature models with roughly scale-invariant (i.e. m = −3) power spectra (e.g. in the axion model Axenides et al 1993) are probably ruled out (Efstathiou & Bond 1986). The situation is similar for HDM (Sugiyama et al 1989). Scale-invariant baryon-dominated models are also in serious conflict with the microwave background anisotropies (Efstathiou 1988), and cannot be saved even by invoking a cosmological constant (Gouda & Sugiyama 1992). However, models with larger n are not as yet ruled out (see also Efstathiou & Bond 1987). Isocurvature fluctuations are these days only discussed in terms of the Baryonic Dark Matter model. This is an observationally-motivated model, with low Ω_0 in baryons only. The large fluctuations generated at small scales have to be erased by the re-heating due to some early collapsed objects. The effects of such a reionization will be discussed later. Constraints from anisotropies on scales ∼> 1^∘ (Peebles 1987b, Sugiyama & Gouda 1992), from the Vishniac effect at small scales (Efstathiou 1988, Hu et al 1994), from spectral distortions (Daly 1991, Barrow & Coles 1991) and from the clustering properties of galaxies (Cen et al 1993) imply that only models with −1 ∼< m ∼< 0 are viable. High values of Ω_0 and high values of h which enhance the ‘bump’ also tend to be ruled out.

2.4.3 Gravitational waves

Until now, we have focussed on the anisotropies in the cosmic microwave background arising from density perturbations in the early universe. In many models, there is also the possibility that a stochastic background of long-wavelength gravitational waves (GW) can be produced (Starobinskiĭ 1979); for a discussion of inflationary models in this context see (Rubakov et al 1982, Adams et al 1992, Liddle & Lyth 1993). If such a background were to exist, it would leave an imprint on the CMB at large scales through the Sachs-Wolfe effect (Fabbri & Pollock 1983, Abbott & Wise 1984c, Starobinskiĭ 1985, Abbott & Schaefer 1986, Fabbri et al 1987, Linder 1988b, White 1992). With the advent of the COBE measurement of the power at large scales, many authors addressed the question of the interpretation in terms of scalar and tensor contributions (Krauss & White 1992, Liddle & Lyth 1992, Adams et al 1992, Salopek 1992, Lucchin et al 1992, Dolgov & Silk 1993).

If there is a sizable contribution from GW in the COBE-detected anisotropies, this would lower the predicted value of (ΔT /T )_{rms} on smaller scales. This should be kept in mind when comparing degree scale experiments or large-scale structure studies to power spectra normalized to COBE on large scales.

Unlike the anisotropies generated by scalar fluctuations (section 3) those generated by (isocurvature) tensor perturbations, or GW, damp at scales comparable to the horizon (see e.g. Starobinskiĭ 1985, Turner et al 1993, Atrio-Barandela & Silk 1993), which means ℓ ∼ √ 1 + z_{rec} ≃ 30 (see appendix A). This can be understood as due to the redshifting of GW which entered the horizon before recombination. The maximal contribution to the anisotropy on some scale comes from GW with wavelengths comparable to that scale. GW begin to redshift after they enter the horizon, thus scales which are smaller than the horizon at last scattering are dominated by GW which have redshifted before the photon begins to travel to us. The different behaviour at small scales leads one to hope that the two contributions could be disentangled. A detailed numerical analysis of the anisotropy generated by GW on both large and small scales has been carried out by Crittenden et al (1993a).

In general, GW provide a small contribution to ΔT /T on top of the scalar anisotropy. One requires a comparison of both large and small scale temperature anisotropies to isolate them. On large scales, one must deal with cosmic variance while on small scales one has sample variance and uncertainties due to cosmological parameters and history which are far from orthogonal. The situation with regard to disentangling a GW signal is somewhat confused. White et al (1993) claim that cosmic variance and cosmological model uncertainty makes such a detection extremely difficult, while Crittenden et al. (1993a) predict that a definitive detection is possible. [The analysis assumed a specific form for the relation between the spectral index and the ratio of the scalar to tensor ratio: T /S = 7(1 − n) (R Davis et al 1992). This form requires significant correction for most theories (Liddle & Lyth 1992, Kolb & Vadas 1993) and also biases the fit towards “detection” of a tensor component. In addition, recent work (Bond et al 1994) suggests that including uncertainties in cosmological history may alter their conclusions regarding gravity waves.] This question is of some importance, since any possible GW signal will affect the power spectrum normalization inferred from COBE. Since the GW production predicted in most theories is very small, (for n ∼> 0.9 as required by COBE and Tenerife (Hancock et al 1994) T /S ∼< 1) perhaps their only observable effect for some time will be in generating large angular scale CMB anisotropies (Sahni 1990, Krauss & White 1992, Souradeep & Sahni 1992, Liddle 1993, Turner et al 1993). The possibility that GW lead to an observable polarization in the CMB (Polnarev 1985) has been shown to be very small (Crittenden et al 1993b but see however Frewin et al 1993).

In theories of inflation, the normalization of the spectrum of scalar fluctuations depends on both the inflaton potential and its derivative at the epoch of fluctuation generation. In contrast, the tensor spectrum depends only on the value of the inflaton potential at the same epoch. This fact coupled with the COBE measurement can be used to limit the scale of inflation (Rubakov et al 1982, Lyth 1985, Krauss & White 1992, Liddle 1993). In principle, one can also derive information about the inflaton potential from both the tensor and scalar components of the CMB anisotropy (Liddle & Lyth 1992, R Davis et al 1992, Salopek 1992). Recently, several authors have considered the possibility of reconstructing the “inflaton” potential from CMB observations (Hodges & Blumenthal 1990, Copeland et al 1993a,b,c, Lidsey & Tavakol 1993, Turner 1993, see also Carr & Lidsey 1993) or of using relations between observable parameters as “tests” of inflation (R Davis et al 1992, Bond et al 1994 but see Liddle & Lyth 1992, Kolb & Vadas 1993).

3 Power spectrum

3.1 Power spectrum on large scales

Let us take the power spectrum of primordial fluctuations to be a power law in comoving wavenumber k. In the “processed” radiation power spectrum, this simple power law is multiplied by a transfer function T^2(k). On COBE scales T (k) ≈ 1, and we can write the temperature fluctuation power spectrum as

P_{rad}(k) = A (kη_0)^{n−1} , (11)

where A is the amplitude for scalar perturbations and η_0 ≃ 3t_0 = 2H^{−1}_0 (for Ω_0 = 1) is the conformal time today with scale factor normalized to unity. By using kη_0 as our fundamental variable, we have A as a dimensionless number multiplied by something of order 10^{n−1} on COBE scales. The connection between A and the normalization of the matter power spectrum is discussed in section 3.3. [Another common convention is to define the matter power spectrum as P_{mat}(k) = Bk^n on large scales, which means that the dimensions of B will depend on n (and will be length^4 for n = 1), see equation (23).]

We can write the average over universes of the moments of the temperature anisotropy as C_ℓ ≡ ⟨ |a_{ℓm}|^2 ⟩ (12) ≃ 16π ∫_∞ 0 dk k A(kη_0)^{n−1}T^2(k) j^2_ℓ (kη_0) (13)

= 2^nπ^2A

Γ(3 − n)Γ ( ℓ +^{n−1}_2 ) Γ^2 (_{4−n} 2 ) Γ ( ℓ +^{5−n}_2

) , if T (k) = 1. (14)

(see e.g. Peebles 1982c, Bond & Efstathiou 1987). For the special case of n = 1, we have C_2/A = 4π/3 and C^{−1}_ℓ ∝ ℓ(ℓ + 1). This is often referred to as ‘flat’ since potential fluctuations (and the amplitude of δρ/ρ at horizon crossing) are independent of scale, and it also makes ℓ(ℓ + 1)C_ℓ = constant.

In some older literature, the normalization of the power spectrum is given in terms of ϵ_H , the dimensionless amplitude of matter fluctuations at horizon crossing. For a flat spectrum this quantity is simply ϵ^2_H = (4/π)A.

The normalization convention used by the COBE group is Q_{rms−PS}. This is obtained by a best fit to the correlation function assuming a flat spectrum of fluctuations and allowing the normalization to vary. In terms of C_2, this corresponds to Q_{rms−PS} ≃ ⟨ Q^2_{rms} ⟩_{0.5} = T_0 ( 5C_2 4π )_{1/2} . (15)

(For n = 1 the factor in parenthesis is^5_3 A, which allows a simple conversion from “quadrupole normalization” to our normalization in terms of A.) We would like to stress that Q_{rms−PS} is the COBE group’s best estimate, measured from our sky, of the power spectrum normalization. It is not the quadrupole measured by the COBE team from their maps. The value quoted for Q_{rms−PS}, including the effects of systematic error, is (Smoot et al 1992, Wright et al 1994a, Bennett et al. 1994)

Q_{rms−PS} = 17.6 ± 1.5 μK ⇒ A = (2.3 ± 0.4) × 10^{−11}, B = (5.9 ± 1) × 10^5(h^{−1}Mpc)^4. (16)

Since the analysis for Q_{rms−PS} assumed a flat spectrum one should not use (16) to normalize other spectra, although ⟨ Q^2_{rms} ⟩_{0.5} is still a valid way of quoting the normalization of the power spectrum.

For the first year data a fit to the correlation function gives n = 1.1 ± 0.5 (Smoot et al 1992). Including the second year data gives n ≈ 1.5 ± 0.5 (Bennett et al. 1994, Wright et al. 1994b) [by combining both COBE and Tenerife data, a stronger limit n ∼> 0.9 has been obtained (Hancock et al 1994)] and the inferred value of Q_{rms−PS} is quite correlated with n (Seljak & Bertschinger 1993, Watson & Gutiérrez de la Cruz 1993). For n ≠ 1 the best value for the normalization is (Smoot et al 1992, Bennett et al. 1994) ΔT T | | |_{10∘} = (1.1 ± 0.1) × 10^{−5} (17)

which probes a range of ℓ centred around ℓ ≈ 4 (Wright et al 1994a). Note that for n = 1 these two normalizations differ by ∼ 10%, since the fit to Q_{rms−PS} uses the full correlation function.

Another normalization sometimes used is the “bias”, defined through

b^{−2}_ρ = σ^2_8 = ∫_∞ 0 dk k A(kη_0)^{n+3} T^2_m(k) ( 3j_1(kr) kr )_2| | | |_{r=8 h−1Mpc}

, (18)

where T_m(k) is a matter transfer function (see later section) not to be confused with T (k), and σ^2(r) is the variance of the density field within spheres of radius r. The variance of galaxies, possibly biased relative to the matter (δ_{gal} = bδ_ρ), is roughly unity on a scale of 8 h^{−1}Mpc (Davis & Peebles 1983). Equation (18) is non-trivial to evaluate numerically because of the “ringing” of the j_1 and the final result is dependent on the transfer function assumed. For CDM we will take (Efstathiou 1990)

T_m(k) = [ 1 + ( ak + (bk)^{3/2} + (ck)^2 )_ν]−1/ν (19)

with a = 6.4Ω_0h^{−2}Mpc, b = 3Ω_0h^{−2}Mpc, c = 1.7Ω_0h^{−2}Mpc and ν = 1.13. We will set Ω_0 = 1 and h =^1/2 unless otherwise noted. For n = 1 the COBE best-fit gives σ_8 ≃ 1.2, i.e. an unbiased model. However this depends on the values of Ω_0, h etc. which are adopted. It is possible to have a non-standard (e.g. Ω_Λ ≃ 0.8) CDM model with the galaxies significantly biased on small scales as seems to be required (e.g. Davis et al 1985, Bardeen et al 1986, Frenk et al 1990, Bardeen & Silk 1993, Carlberg 1991).

Large-scale flows also provide a measure of the power spectrum (Peebles 1993):

v^2_{rms}(r) ∝ ∫ dk k A(kη_0)^{n+1}T^2_m(k)e^{−k2r2} , (20)

where v_{rms} is the 3D velocity dispersion smoothed with a Gaussian filter of width r. This tends to probe scales similar to the degree-scale CMB experiments. Whether there is agreement between the two measures for a particular theory is still a matter of debate (see e.g. Vittorio & Silk 1985, Juszkiewicz et al 1987, Suto et al 1988, Atrio-Barandela et al 1991, Kashlinsky 1991, 1992, 1993a, Görski 1991, 1992).

3.2 Power spectra on smaller scales

While on large angular scales the transfer function is T (k) ≈ 1, there is significant structure on small to intermediate scales. Generally the Sachs-Wolfe effect dominates the power spectrum on scales larger than the horizon size at last scattering and the power spectrum can be taken to be a power law. On smaller scales, however, causal interactions become important and the spectrum is modified.

For a given cosmological model, the shape of the fluctuation spectrum is fixed. It depends on the primordial spectrum (e.g. k^n) and its evolution as the waves enter the horizon. This makes the spectrum at smaller scales dependent on Ω_0, Ω_B , H_0 and the dark matter. Given a cosmological model, however, both the radiation and matter power spectra are well defined. For a fixed Ω_0, the radiation power spectrum depends only on the type of dark matter at the high k end.

The calculation proceeds by considering perturbations in the photon distribution function, f(x, q, t), which can be written in terms of Δ = ∫ d^3q q δf / ∫ d^3q qf̄ , (21)

with f̄ the Planck function and q the comoving photon momentum. Δ is the total energy, or brightness, perturbation, which is also 4 ΔT /T for a uniform shift in temperature. Liouville’s theorem tells us that the total phase space density is conserved for collisionless particles, i.e. the distribution function is constant along particle paths: Df/Dt = 0. Source terms (‘collisions’) add on the right hand side; the important sources are baryon velocities and photon density perturbations, coupled through Thomson scattering. The Boltzmann equation (or equation of radiative transfer, written here in the synchronous gauge) for Δ is

Δ̇ + cγ_i ∂Δ ∂x^i − 2γ_iγ_jḣ_{ij} = σ_T cn_ea(Δ_0 − Δ + 4γ_iv^i_B/c) (22)

(see Peebles & Yu 1970, Hu et al 1994, Dodelson & Jubas 1993b), where the dot denotes differentiation with respect to conformal time η (= ∫ dt/a), γ_i are the direction cosines defined by q̂, n_e is the number density of free electrons, a(t) is the cosmological scale-factor, v_B is the baryon peculiar velocity, Δ_0 is the isotropic part of Δ, h_{ij} is the metric perturbation and isotropic scattering has been assumed. The Boltzmann equation is generally Fourier transformed, since in the linear approximation the different k-modes evolve independently, which makes the calculation tractable. It is also assumed that all fluctuations are still in the linear regime, which is a reasonable approximation for the relevant scales at the scattering epoch. Since the effects of the radiation on the matter cannot be ignored (except for late reionization) the equation of motion for the baryons needs to be solved simultaneously; this is the continuity equation for matter evolving freely, but also takes into account the Compton drag at early times.

The radiation and baryons evolve as a coupled fluid at early times, but need to be followed more accurately as the Universe recombines, and eventually the baryons decouple from the photons entirely. After this point the photons can be assumed to free-stream to the observer, and the subsequent behaviour of the anisotropies is often treated analytically. Dark matter evolves collisionlessly throughout, although its gravity feeds back into the baryon and photon evolution. Detailed calculations along these lines have been carried out for many different cosmological models, e.g. the work of Peebles & Yu (1970), Wilson & Silk (1981), Bond & Efstathiou (1984,1987), Vittorio & Silk (1984,1992), Holtzman (1989), Sugiyama & Gouda (1992), Dodelson & Jubas (1993a), Stompor (1993) and Crittenden et al (1993ab) amongst others. The Boltzmann equation tends to be solved by expanding the Δ’s into Legendre polynomials up to some high enough ℓ and numerically integrating the coupled equations.

We show in figure 2 the power spectrum for CDM models as a function of wavenumber k, for a range of Ω_B consistent with BBN (Krauss & Romanelli 1990, Walker et al 1991, Smith et al 1993). To calculate the C_ℓ from these power spectra approximately one integrates the power spectrum with measure j^2_ℓ (kη_0)dk/k. The C_ℓ are thus in effect an average of the power spectrum around k ≈ ℓH_0/2. We have also included an x_e = 1 reionized BDM power spectrum (arbitrarily normalized) on the figure for comparison.

The plateau in figure 2 at low k is the contribution from the Sachs-Wolfe effect (or gravitational redshift), which damps on the scale of the scattering surface thickness. The bumps and wiggles reflect the phase of the oscillating baryons and photons when recombination occurs, i.e. the number of oscillations a given mode has undergone in the time between entering the horizon and the switch-off of radiation pressure when the matter becomes neutral. These so-called “Doppler” peaks (physically they come from a combination of v and Δ sources which are difficult to separate), rise at k ∼ 0.01Mpc which is the size of the horizon at the time of last scattering. In ℓ-space the rise to the first Doppler peak is quite gradual, which can lead to an effective n > 1 even on relatively large scales, e.g. n_{eff} ≃ 1.15 on COBE scales (Bond 1994). The height of the Doppler peaks is dependent on the number of scatterers or Ω_B h^2 (scaling roughly as Ω^{1/3}_B , which would be the dependence for an experiment like MAX, see also Fukugita et al 1990). The second and third

Figure 2: Power spectrum for “standard” CDM models (h =^1_2 , Ω_0 = 1 and Ω_ν = Ω_Λ = 0) with Ω_B = 0.01 (solid), 0.03 (dotted), 0.06 (short-dashed) and 0.10 (long-dashed) consistent with the range from BBN, from Sugiyama & Gouda (1992). The curves have been normalized to unity at small k. For comparison we also show a fully-ionized BDM model (dot-dashed line) with Ω_0 = 0.1, n = 0, and h = 0.5, chosen (arbitrarily) to match at k = 0.002 h Mpc^{−1}.

peaks are harmonics of the first which is the fluctuation which has had half an oscillation since it entered the horizon. There is also an effect due to the baryons falling into the dark matter potential wells after recombination, although this happens largely after the photons have been scattered. CDM fluctuations that first entered the horizon during radiation domination suffer growth suppression, which partly accounts for the differing heights of the peaks. Also there is an exponential cutoff in the power spectrum at large k, due to the effects of the thickness of the last scattering surface, as well as the familiar damping (Silk 1968) of baryon and photon fluctuations prior to decoupling. The damping scale is set by the thickness Δz.

For a reionized model (see 5.1) the visibility function is centred around some z_∗ and has width Δz ∼ z_∗, so that the two important scales above are almost the same. The effect is that there is only one Doppler peak, which is at the scale of the horizon at z_∗ (i.e. smaller k or ℓ), with damping for higher wavenumbers. There are no extra bumps and wiggles, since at the time of last scattering the photons and baryons were no longer oscillating.

3.3 The observed power spectrum

In this section, we consider the current status of measurements of the matter power spectrum (see Peacock 1991, Peacock & Dodds 1994), and the radiation power spectrum (see Bond 1993) in the context of inflation (see Liddle & Lyth 1993). In figure 3 we compare the radiation power spectrum with the matter power spectrum measured by IRAS-selected galaxies (Fisher et al 1993, Feldman et al 1993), the CfA redshift survey (Vogeley et al 1992) and the APM galaxy survey (Baugh & Efstathiou 1993a,b). One cannot make a theory-independent extrapolation from the radiation power spectrum (probed by CMB measurements) to the matter power spectrum (probed by large-scale structure work). In the following, we will assume CDM and write the matter power spectrum as

P_{mat}(k) = 2π^2η^4_0A kT^2_m(k) = 2.55 × 10^{16}A (k/h Mpc^{−1}) T^2_m(k) (h^{−1}Mpc)^3,

(23) where A is as in (11) and T_m is a matter transfer function (see equation (19)), not to be confused with T (k). The change in units and the index of the power law from k^0 to k^1 is a matter of convention. We follow the usual convention in large-scale structure (LSS) work that a “flat” spectrum has P_{mat}(k) ∝ k (see Liddle & Lyth 1993 for more discussion on the various definitions of power spectra) and work in units of h^{−1}Mpc. To convert from our normalization to that of the bias or σ_8 conventionally used in LSS work see equation (18), but note that these would be different for any variation in the theory. The large-scale structure and CMB data are shown in figure 3.

Figure 3: The CDM matter power spectrum on a range of scales as inferred from CMB and LSS data. The solid line is CDM normalized to COBE. Stars, crosses, squares and triangles are the APM, CfA, IRAS-QDOT & IRAS-1.2Jy surveys respectively, with IRAS surveys scaled to σ^{DM}_8 = 1. Apart from scaling the IRAS surveys we have avoided complicated issues related to normalization and redshift corrections. We show error bars on the IRAS-1.2Jy survey to indicate the approximate accuracy involved. The boxes are ±1σ values of the matter power spectrum inferred from CMB measurements assuming CDM with Ω_B = 0.06, with the horizontal extent taken to be between the half-peak points of the window functions for each experiment. From left to right the experiments are COBE, FIRS, Tenerife, SP91-13pt, Saskatoon, Python, ARGO, MSAM2, MAX-GUM & MAX-MuP, MSAM3. The radiation power spectrum for CDM assuming Ω_B = 0.06 is shown at bottom.

For the CMB anisotropy measurements, we have chosen some recent experiments for which we could estimate the best fit normalization. Specifically we show results from COBE (Smoot et al 1991,1992, Wright et al 1994a), FIRS/MIT (Page et al 1990, Ganga et al 1993, Bond 1993), Tenerife (Davies et al 1992, Watson et al 1992, Hancock et al 1994), Python (Dragovan et al 1993), ARGO (de Bernardis et al 1993, 1994), SP91/ACME (13-point) (Schuster et al 1993), Saskatoon (Wollack et al 1993), MAX (MuP (Meinhold et al 1993) and GUM (Gundersen et al 1993)) and MSAM (Cheng et al 1994). We have concentrated here on those experiments which quote a detection, leaving out those which give upper limits, e.g. Relikt (Klypin et al 1992), 19.2 GHz (Boughn et al 1992), SP89 (Meinhold & Lubin 1991), SP91-9pt (Gaier et al 1992), ULISSE (de Bernardis et al 1992), White Dish (Tucker et al 1993), OVRO (Readhead et al 1989, Myers 1993), VLA (Fomalont et al 1993). Note we have also avoided complicated issues involving redshift space corrections (e.g. Kaiser 1987) to the large scale structure data.

Note that the P_{mat}(k) inferred from CMB anisotropies depends on the assumed theory (Ω_0 for example shifts the correspondence between θ and k, and shifts the amplitude for a given ΔT /T ). So the boxes in figure (3) would have to be re-drawn for each theory.

In addition to the survey data shown in figure 3, there is information on large-scale flows (e.g. Kashlinsky & Jones 1991). Bertschinger et al (1990a) estimated the 3D velocity dispersion of galaxies within spheres of radius 40 h^{−1}Mpc and 60 h^{−1}Mpc. After smoothing with a Gaussian filter on 12 h^{−1}Mpc scales they found σ_v(60) = 327 ± 82 km s^{−1} and σ_v(40) = 388±67 kms^{−1}. The unbiased CDM estimate for these quantities are 224 km s^{−1} and 287 km s^{−1} respectively. Translating this information into the power on scales of 40 h^{−1}Mpc and 60 h^{−1}Mpc gives roughly σ_8 ≃ 1.15 (Efstathiou et al 1992).

Figure 4: The normalization of a Harrison-Zel’dovich power spectrum of fluctuations required to reproduce the ΔT /T_{rms} quoted for each experiment. The horizontal error bar on each point gives the range of ℓ between the half-peak points of the window function. These points should be interpreted as only loose approximations to the results of a full analysis. From left to right the experiments are COBE, FIRS, Tenerife, SP91 (13 point), Saskatoon, Python, ARGO, MSAM (2-beam), MAX GUM & MuP, MSAM (3-beam). Also plotted are theoretical power spectra for CDM with Ω_B = 0.01, 0.03, 0.06, 0.10 and standard recombination (solid) and for Ω_B = 0.12 and z_{rec} = 150 and 50 (dashed).

One can also consider the CMB data independently of theories of structure formation. In figure 4, we show the current situation with regard to experiments which have quoted detections on degree scales or larger. We plot the normalization which, for an n = 1 power spectrum, would reproduce the quoted ΔT /T_{rms} for each experiment. If there is a Doppler peak in the power spectrum on degree scales, then this would show up as a higher required normalization for a flat spectrum to fit the data. In calculating these numbers for MSAM the value of ΔT /T_{rms} used was C^{1/2}_0 from the GACF fit. All of these points should be interpreted as approximations to the results of a full analysis.

4 Data analysis

4.1 The Gaussian auto-correlation function

It has become common in analyzing data from small-scale experiments to employ a Gaussian Auto-Correlation Function (GACF) as the assumed underlying “theory”. The GACF is parameterized by two numbers, its amplitude C_0 and correlation angle θ_c

C_{GACF}(θ) ≡ C_0 exp [ − θ^2 2θ^2_c ] . (24)

This “theory” is then convolved with the observing strategy and the predictions compared to the data. Usually limits or best fit values are quoted on C_0 for a range of θ_c. In the language of the multipole moment expansion the assumption of a GACF is equivalent to assuming C_ℓ = 2πC_0θ^2_c exp [ −^1/2ℓ(ℓ + 1)θ^2_c ] . (25)

Note that this is very different from CDM where ℓ(ℓ + 1)C_ℓ has a Sachs-Wolfe plateau followed by Doppler/adiabatic peaks.

Commonly a plot of C_0 vs θ_c is used to describe the sensitivity of a particular experiment to fluctuations on various scales, under the assumption that the sky correlation function is really a GACF. The GACF approximation is a simple way to understand the sensitivity of an experiment. By varying θ_c, one can match the “power spectrum” to the window function of the experiment (especially multi-beam experiments where the GACF power spectrum and the window function have similar shape, which we will call “Gaussian”). The experiment is most sensitive to a GACF whose peak ℓ(ℓ + 1)C_ℓ occurs at essentially the same place as the peak of its window function W_ℓ. The amplitude of fluctuations to which one is sensitive (or the “area” under the window function) is then parameterized by the minimum C_0.

For experiments in which the window function is similar to the GACF power spectrum, the approximation made in fitting with a GACF is numerically quite good. This is because, unless the underlying power spectrum is varying very rapidly on scales probed by the experiment, once the power spectrum is convolved with the window function, it has a “Gaussian” shape. The GACF retains its “Gaussian” shape when convolved with a Gaussian window function. Hence the two convolved spectra will look very similar (Bunn et al 1994).

An analysis using a GACF will (roughly) take into account the peak and area of the window function of the experiment. The minimal values of C^{1/2}_0 will therefore be more comparable between experiments than the measured rms temperature fluctuations (which could be defined in an observer-dependent way). The correlations between nearby points will also be approximately correct for experiments with “Gaussian” window functions (and in which the window function approach is applicable, see section 4.2). Although for some experiments, the GACF approximation may be used to give a fit to the data, the GACF assumption should be viewed with caution. One should bear in mind that the quoted C^{1/2}_0 is the best fit amplitude of fluctuations for a power spectrum that is a GACF with some fixed correlation angle θ_c. There is also little meaning in the values of C^{1/2}_0 at any point other than the minimum of the likelihood curve.

4.2 Window functions

It has become conventional to describe the details of the instrument and the observing strategy in terms of a “window function” W_ℓ which describes the sensitivity of the experiment to the modes of the spherical harmonic decomposition of the CMB temperature fluctuations. The signal seen by any experiment can then be considered as the convolution of the sky power and the window function ( ΔT T )_2 rms ≡ C(0) = 1 4π ∞∑ ℓ=2 a^2_ℓ W_ℓ. (26)

If one takes an ensemble average (over universes) of this expression, then a^2_ℓ → ⟨ a^2_ℓ ⟩ = (2ℓ + 1)C_ℓ. Often this ensemble average is assumed when the window function is computed.

The simplest and most common window function is that due to finite beam resolution. As expected, finite resolution introduces a high-ℓ cutoff. If the beam has a Gaussian response with a Gaussian width of σ, the window function is (see e.g. Silk & Wilson 1980, Bond & Efstathiou 1984, White 1992)

W_ℓ = exp [ −ℓ(ℓ + 1)σ^2 ] . (27)

For an experiment which measures temperatures by differencing 2- or 3-beam setups the window functions, in addition to the beam smoothing factor, are (see e.g. Bond & Efstathiou 1987) exp [ ℓ(ℓ + 1)σ^2 ] W_ℓ = { 2 [1 − P_ℓ(cos θ)] 2 − beam 1/2 [3 − 4P_ℓ(cos θ) + P_ℓ(cos 2θ)] 3 − beam (28)

where θ is the angle between the beams. Note that these types of experiments are not sensitive to the low ℓ modes of the multipole expansion because of the differencing. Since the high ℓ cutoff is controlled by the beam width while the separation (or “chop”) controls the low ℓ behaviour, one can increase both the width and height of the window function by separating these scales as much as possible.

Such a double- or triple-beam differencing strategy is often called a “square wave chop”. There are however other scan strategies which have been used. Several experiments (in particular South Pole, Saskatoon and MAX) use a “sine wave chop”, moving the beam continuously back and forth across the sky, sinusoidally in time. Additionally, the temperature is weighted by ±1 or by a harmonic of the chop frequency. The resulting time-integrated, weighted temperature is then the “difference” assigned to that point on the sky. Window functions for these experiments can be found in Bond et al (1991b), Dodelson & Jubas (1993a), White et al (1993) and Bunn et al (1994). [The window function for MAX, given in White et al (1993), should be multiplied by 1.13 to account for the finite size of the beam on the calibration: see Srednicki et al (1993)] There are also several interferometer experiments which make maps of the intensity of the radiation on small patches of the sky (e.g. ATCA (Subrahmanyan et al 1993), VLA (Fomalont et al 1993) and Timbie & Wilkinson (1990)). The window function for these experiments can be measured as the Fourier transform of the beam pattern and for accuracy needs to be supplied by the experimenters.

Figure 5: The window functions for large and medium scale experiments as a function of multipole. From left to right the experiments are COBE (with 10^∘ smoothing), FIRS, Tenerife, SP91, Saskatoon (dashed), Python (dot-dashed), ARGO, MAX, MSAM (3-beam, dashed), White Dish (Method II, neglecting binning), OVRO and ATCA. Some parameters of the window functions are displayed in table 4.

We show the window functions vs ℓ for several experiments in figure 5. Some numbers describing the functions shown here are given in table 2. Note that the relative heights can have as much to do with the treatment of the data as with the sensitivity, i.e. the window function that is convolved with theory should be consistent with the observers’ ΔT /T . It is worth stressing an example to illustrate this. Consider a triple-beam set-up, which consists of the difference of a difference of two temperatures. The experimenters could choose to assign a measurement of T_1 −^1/2(T_2 + T_3) to a point in direction ‘1’, or they could have chosen to take 2T_1 − (T_2 + T_3). In the latter case, the window function would be 4 times larger and the ‘measured’ (ΔT /T )_{rms} would be two times bigger. The difference in height for the window function would be artificial. While in this case the difference can be quite obvious, in some instances the effects can be more subtle. It is important that experimentalists be explicit about their sampling, weighting and calibrations before the correct window functions can be computed.

Experiment ℓ_0 ℓ_1 ℓ_2 Max COBE – – 11 1.0 FIRS – – 30 1.0 Ten 20 13 30 1.0 SP91 66 32 109 0.9 Sask 71 44 102 1.2 Pyth 73 50 107 1.9 ARGO 107 53 180 0.9 MAX 158 78 263 1.7 MSAM2 143 69 234 2.1 MSAM3 249 152 362 0.9

Table 2: Parameters for the window functions: ℓ_0 represents the multipole at the maximum, ℓ_1 and ℓ_2 are the “half peak” points. The maximum value of the window function is also given. For MSAM we present results in 2-beam and 3-beam mode.

Common approximate formulae for the window functions or analysis procedures assume a square wave chop (e.g. Górski 1993, Gundersen et al 1993). This approximation usually does not reproduce the beam pattern on the sky all that well, although it works better for the window function. Even so, such approximations differ from the exact results, e.g. for MAX the difference between the exact result and (28) is ∼ 10% near the peak, and larger off-peak.

Given both a theory and the window function, it is straightforward to compute the expected rms temperature fluctuation. In table 3, we show the predicted ΔT /T_{rms} for various experiments, normalized to A = 1. The predictions assume full sky coverage and an “average universe” though actual experiments may measure different values due to incomplete sky coverage or cosmic variance (to be discussed later).

Ω_B Experiment 0.00 0.01 0.03 0.06 0.10 COBE 2.57 2.62 2.63 2.63 2.64 FIRS 3.23 3.38 3.41 3.44 3.47 Ten 1.92 2.10 2.14 2.18 2.20 SP91 2.24 2.84 3.00 3.22 3.38 Sask 2.15 2.81 2.98 3.24 3.40 Pyth 2.69 3.84 4.10 4.49 4.76 ARGO 2.20 3.27 3.49 3.84 4.09 MAX 3.08 5.15 5.49 6.09 6.49 MSAM2 3.46 5.64 6.02 6.65 7.06 MSAM3 1.88 3.49 3.69 4.09 4.32

Table 3: Predictions for small scale experiments in a CDM-dominated universe. We show the predicted ΔT /T_{rms} for various experiments, normalized to A = 1. The predictions are for an all sky average and an “average universe”, individual experiments may measure different values due to incomplete sky coverage or cosmic variance. For MSAM the predictions are shown for two-beam and three-beam mode. The column Ω_B = 0 refers to an n = 1 power spectrum. All values assume CDM with Ω_0 = 1 and h = 0.5.

It is sometimes possible to define window functions which correspond to off-diagonal elements of the correlation matrix or averages of the form

⟨T (θ_1, ϕ_1)T (θ_2, ϕ_2)⟩_{ens} = 1 4π ∞∑ ℓ=2 (2ℓ + 1)C_ℓW_ℓ(θ_1, ϕ_1; θ_2, ϕ_2) (29)

which are required when fitting data. [Note that this is different from the sky-averaged correlation function of the COBE group. It is not an average over our observed sky, but the covariance matrix required when computing likelihood functions, assuming Gaussian statistics for the temperature fluctuations]. In general, the window function approach works well for computing ΔT /T_{rms} or for experiments in which the data span only one dimension (such as the individual linear scans of the ACME South Pole experiment). In other cases however the data are two-dimensional on the sky and there can be strong anisotropies in the theoretical covariance matrix which are difficult to include in this manner. Alternative approaches are then preferable (see e.g. Srednicki et al 1993). Also, if the scanning strategy or data analysis procedure is sufficiently tortuous, the window function approach is extremely complicated and simulations of the scanning, binning and analysis become necessary. Coarsely binned data in an experiment which scans smoothly (rather than “stepping”) across the sky is one example of this, where correlations introduced by the binning will be important.

4.3 Fitting data

In comparing the theory of CMB fluctuations to the new measurements of the anisotropy on various scales, there are two primary techniques that are used. These are the Bayesian ‘likelihood function’ analysis and the frequentist ‘likelihood ratio’ method (which is often calibrated using Monte-Carlo simulations). Both of these techniques have been discussed and compared in the review of Readhead & Lawrence (1992), and we will not discuss them in detail here.

It is perhaps important to emphasize, however, that the methods will lead to the same conclusions when the data set is “well-behaved” but can differ when the data are ‘unlikely’ or atypical. Both methods have ways of testing for possible breakdowns in statistical assumptions (which are not always used). For example, conclusions of the Bayesian approach should be robust under changes of prior, and conclusions of the frequentist approach should take into account the type-II error (the probability of accepting the hypothesis when the null hypothesis is true).

The computation of the likelihood function simplifies considerably in the case that the fluctuations are assumed to be Gaussian. This is because all the non-vanishing moments of the distribution can be related to the variance. For Gaussian-distributed fluctuations, the likelihood function is L ∝ 1 √ det C exp [ −^1/2T_iC^{−1}_{ij} T_j ] (30)

where T_i are the measured temperatures and C_{ij} is the auto-correlation matrix which includes a theoretical and experimental piece. In the limit that the experimental errors σ_i are uncorrelated we have

C_{ij} = C^{th}_{ij} + σ_iδ_{ij} (31)

where C^{th}_{ij} is computed using equation (29) or its generalization (see e.g. Bond et al 1991b, Dodelson & Jubas 1993a, Bunn et al 1994, Srednicki et al 1993, Bond 1993 and Vittorio et al 1989, 1991, Vittorio & Muciaccia 1991, Górski et al 1993). Notice that the term in the exponent is just the χ^2.

In the Bayesian approach, this function has to be multiplied by the ‘prior’ to obtain the (relative) probability distribution for the parameters being fitted, while in the frequentist approach the final distribution comes from ratios of likelihood functions or from Monte-Carlo simulation (see e.g. Berger (1985) for a discussion of these two philosophies).

It is also possible to fit more than one component to the data, in order to obtain the best constraints on the cosmic anisotropies. One example is in fitting an extra white noise component to the data (e.g. Bond 1993). Another example is the simultaneous fitting of a foreground signal of some given form (e.g. Dodelson & Stebbins 1993) to multi-channel data. It is relatively straightforward to implement this idea (for either statistical approach), although there is some subjectivity in the choice of the number of parameters, which of them should be fixed (the frequency dependence of the foreground signal perhaps) and which to fit or integrate over. The fitting process becomes more computationally time consuming the more parameters are included.

5 Beyond linear theory

5.1 Reionization

A knowledge of the variation of optical depth (or equivalently x_e) and of the peculiar velocities associated with different scales are enough to calculate ΔT /T (θ). Reionization will erase the fluctuations generated at z ∼ 1000, by making the Universe optically thick at much lower redshifts, but in the process extra fluctuations will be generated due to the motions of the new last scatterers. Because reionization can be used to erase the primordial fluctuations in a model which would otherwise conflict with experimental upper limits, it is important to be able to calculate the secondary fluctuations so that the minimal level of anisotropy can be estimated.

The dominant contribution to anisotropies generated during reionization are Doppler shifts of the scatterers (equation 22). The first (analytic) considerations of the velocity-induced perturbations in a reionized model were by Sunyaev (1977, 1978), Davis (1980) and Silk (1982). However it was pointed out (Kaiser 1984) that an important term contributing to the fluctuations had been neglected in the previous work. The correct expression for ΔT /T could not be written quite as straightforwardly as in equation (2). The evolution of the radiation fluctuations needs to be followed more accurately, requiring a numerical solution of the collisional Boltzmann equation for the photons (see section 3.2).

Ostriker & Vishniac (1986) extended the discussion to second-order fluctuations (see Section 5.2), detailed calculations being presented by Vishniac (1987). Efstathiou (1988) made further calculations of the effects of reionization, including details of the pattern of polarization and giving approximations valid for small angular scales. The important effects of reionization on anisotropies are at arc-minute scales, in particular, where primary anisotropies are expected to be erased, and approximate calculations can be used which are valid only for small angles and correspondingly for small wavelength perturbations. More recent calculations have been carried out for reionization in BDM models (e.g. Hu et al 1994), generic open universe models (Persi & Spergel 1993), CDM models (Hu et al 1994, Dodelson & Jubas 1993b, Sugiyama et al 1993, Chiba et al 1993) and for the case of decaying dark matter (Scott et al 1991).

An important epoch is the redshift at which the optical depth for photons becomes unity. Since Thomson scattering is independent of frequency, the evaluation of z_∗ (or equivalently η_∗) is relatively simple: τ = − ∫_z 0 n̄_e(z)σ_T c ( dt dz ) dz, (32) which, for an Ω_0 = 1 universe, with a constant ionized fraction, becomes τ = σ_T cH_0 4πGm_H x_eΩ_B(1 − Y_p) { (1 + z)^{32} − 1 } ≃ 0.04Ω_Bhx_ez^{3/2}, (33)

where Y_p is the primordial fraction of the baryonic mass in helium, which is assumed to be all neutral. Hence, for a particular model of the ionization history, the redshift for which τ = 1 can be calculated. For example, for constant ionized fraction z_∗ ≃ 69(h/0.5)^{−2/3} (Ω_B /0.1)^{−2/3} x^{−2/3}_e . For an open universe z_∗ ∝ Ω^{1/3}_0 very approximately, so that the last scattering surface can be at significantly lower redshift.

Reionization need not be ‘complete’, i.e. the optical depth may not become very large back to the new scattering surface. Obviously if τ ∼< 0.1 say, then reionization has negligible effect. This would be the case for a standard CDM model fully ionized even up to z ∼ 20. However if 0.1 ∼< τ ∼< 1, then a good approximation to the effects of erasure of the primary anisotropies (i.e. those generated at the standard recombination scattering surface) is that ΔT /T is reduced by the fraction of photons scattered at z ∼ 1000 rather than at the new scattering surface. If 1 − e^{−τi} is the fraction of photons scattered since the Universe was reionized at z_i (i.e. this is the integral of the visibility function), then we simply have (ΔT /T )_{obs} ≃ (ΔT /T )_{prim}e^{−τi} . There will also be secondary anisotropies generated on the new last scattering surface, although these will generally be smaller (see below). However, second-order fluctuations at much smaller angular scales also need to be considered.

Early reionization is likely to have been inevitable for COBE-normalized CDM (Tegmark et al 1993, Sasaki et al 1993, Fukugita & Kawasaki 1993, following the early studies by Couchman 1985 and Couchman & Rees 1985). On scales of order the horizon at z_∗ there will still be Sachs-Wolfe fluctuations and the polarization would be expected to be higher.

5.2 Second order anisotropies

The idea that reionization would erase the primary anisotropies, while generating smaller secondary Doppler anisotropies (since the new scattering surface was so thick), was overturned by the realization that the Vishniac effect played an important role at small angular scales. The first-order Doppler effects mainly cancel when the red-shifts and blue-shifts are integrated through the thick last scattering surface. However there is a second-order term in the Boltzmann equation (equation 22) coming from the vδ cross term in σ_T n̄_e(1+δ)v. In the solutions to the Boltzmann equation at small scales, this term is a convolution over velocity and density perturbations, which does not suffer from the cancellation effect. This leads to some models giving larger secondary anisotropies than the primary anisotropies which the reionization was invoked to erase.

We can obtain a scaling relation for the secondary Doppler fluctuations as follows. Notice that the last scattering shell is something which is at η_∗ with width ∼ η_∗. The number of independent regions of scale λ lying across the thickness of the shell is N ∼ η_∗/λ. The optical depth through each region of comoving scale λ is τ_λ ∼ 1/N ∼ λ/η_∗. The fluctuations on scale θ (∝ λ) are about N^{1/2} times the fluctuation due to a single lump. The fluctuation for each lump is second-order because of the approximate cancellation of red- and blue-shifts through a lump, leading to an effect

∼ τ^2_λv (see Kaiser 1984). From the continuity equation, the peculiar velocity is v ∼ λδ_k(η_∗)/η_∗ and overdensities evolve as δ ∝ η^2. Therefore an order-of-magnitude estimate for the temperature fluctuations (i.e. k^2Δ, see also Kaiser 1984, Vishniac 1987) is (ΔT /T )^2_θ ∼ N (ΔT /T )^2_{lump} ∼ k^{−3}P (k)/(η_∗η^4_0) ∝ (1 + z_∗)^{1/2}. (34)

Hence earlier reionization generally leads to larger large-scale (first-order Doppler) fluctuations from the primary lastscattering surface. Similarly for the second-order (e.g. Vishniac) fluctuations, the effect for each lump is ∼ τ_λvδ, giving (ΔT /T )^2_θ ∼ k^2P^2(k)(1 + z_∗)^{−5/2}. Again, this argument is crude, but shows that second-order small-scale fluctuations from the secondary last scattering surface would be expected to be smaller for earlier reionization. There are several experimental limits at scales ∼ 1^′, which provide good constraints on these secondary fluctuations rather than the primary ones (e.g. Uson & Wilkinson 1984a,b,c, Readhead et al 1989, Fomalont et al 1993, Subrahmanyan et al 1993). The strong k dependence of the Vishniac effect means that the fluctuations will be very “spiky”, so that a double- or triple-beam experiment will be dominated by the zero-lag autocorrelation, Note, however, that non-linear effects may also be important, e.g. if the universe is very clumpy, as may happen in BDM or other models with lots of smallscale power (Hu et al 1994), or if most of the baryons are trapped in galaxies at an early epoch (R Juszkiewicz & PJE Peebles private communication).

In general, there are many second-order terms to consider once a fully second-order Boltzmann equation is derived (Hu et al 1994, Dodelson & Jubas 1993b). For most of these terms, there will be a cancellation of red-shifts and blue-shifts (Kaiser 1984) through the last-scattering surface, so that the major contribution to the fluctuations comes from modes with k-vector almost perpendicular to the lines of sight. The only significant term which remains is the Vishniac term, which is a convolution of v and δ, coupling large-scale velocity perturbations with small-scale density perturbations. In a model with significant reionization the primordial anisotropies are erased, a new Doppler peak is generated at smaller ℓ and of lower amplitude, and a Vishniac bump is generated at arc-minute scales. For CDM-type models the Vishniac effect is negligible, but for models with lots of small-scale power and/or open models (e.g. BDM models, which also require reionization), the constraints can be restrictive. Generally the ionization history, x_e(z) can be varied in such models, since there is no clear picture for the process of early reheating. The Vishniac anisotropies tend to become smaller for an earlier last scattering surface, while the first-order amplitude becomes bigger; so there are limits to how much the constraints can be avoided by invoking a different ionization history.

Another kind of second-order anisotropy is that coming from non-linear effects in the growth of perturbations, which causes the potential to change with time even in an Ω_0 = 1 universe. This change in potential in the light-crossing time across a fluctuation (Zel’dovich 1965, Rees & Sciama 1968, Dyer 1976) is known as the Rees-Sciama or integrated Sachs- Wolfe effect. It is small in almost all models (e.g. Argüeso & Martínez-González 1989, Martínez-González et al 1990, 1992, 1993, Anninos et al 1991), although large voids (Nottale 1984, Scaramella et al 1989, Thompson & Vishniac 1987, Van Kampen & Martínez-González 1991, Arnau et al 1993), or structures such as the Great Attractor (Bertschinger et al 1990, Martínez-González & Sanz 1990, Hnatyk et al 1992, Goicoechea & Martin-Mirones 1992, Saez et al 1993) or the Great Wall (Atrio-Barandela & Kashlinsky 1992, Chodorowski 1992) etc. might give observable signatures.

6 Uncertainties

If the underlying fluctuation spectrum is assumed to be stochastic in nature, then one is faced with the problem of trying to compare a theory which defines probability distributions as functions of the underlying parameters with just one sample drawn from these (our Universe). Only observations over an ensemble of universes would allow one to determine the parameters of the underlying theory unambiguously, even in principle. Since we can observe only our universe there is an irremovable uncertainty in our ability to relate certain CMB measurements, no matter how precise, to parameters of the theory. The uncertainty introduced in determinations of theoretical parameters has been called “cosmic variance” or “theoretical uncertainty” (e.g. Abbott & Wise 1984a,b, Scaramella & Vittorio 1990, 1991, 1993b, Cayón et al 1991, White et al 1993).

In terms of the multipole moments the cosmic variance may be thought of as an uncertainty in relating

a^2_ℓ ↔ ⟨ a^2_ℓ ⟩ ens = (2ℓ + 1)C_ℓ. (35)

In a theory with Gaussian fluctuations, the a_{ℓm}’s are independent Gaussian random variables and the a^2_ℓ are thus χ^2_{ℓ+1} distributed (Abbott & Wise 1984a,b, Abbott & Schaefer 1986, Vittorio et al 1988). The uncertainty in relating a^2_ℓ and ⟨ a^2_ℓ ⟩ ens is given by the width of the distribution, which scales as (ℓ +^1/2)^{−1/2}. As one goes to smaller scales and probes larger ℓ, one thus becomes less sensitive to cosmic variance. On large scales, however, cosmic variance forms the limiting uncertainty in fixing (e.g.) the normalization of the power spectrum. For the quadrupole (with only 5 degrees of freedom), the actual amplitude in our Universe is likely to differ substantially from its expectation value (Gould 1993, Stark 1993).

While it is true that on smaller scales, which probe higher ℓ, the cosmic variance becomes negligible, this applies only to a full sky measurement. The variance from sampling only a fraction of the sky is larger than the cosmic variance one gets when sampling the whole sky. Since current small-scale experiments cover only small patches of the sky, this can be an important effect. In general for an experiment which samples a solid angle Ω, the cosmic variance is enhanced by a factor of 4π/Ω (Scott et al 1994, see also Bunn et al 1993). We should emphasize that this “sample variance” is completely independent of the experimental precision, and simply reflects the fact that the experiment has not covered enough of the sky to provide a good estimate of the rms value of ΔT /T , i.e. it simply does not have a big enough sample.

The spectrum of fluctuations depends not only on the primordial spectrum but on the evolution of perturbations as waves enter the horizon. This evolution introduces dependence on Ω_0, H_0 and the dark matter. In addition, a knowledge of the ionization history of the universe is important since re-ionization would lead to both a “reprocessing” of primary fluctuations and generation of (small-scale) secondary fluctuations. [See section 5.1.]. A non-negligible ionized fraction during much of the history of the universe would also contribute a radiation drag which would affect the growth of baryon perturbations and alter the observed CMB anisotropy. In general, the uncertainties in the cosmological parameters and history produce very correlated shifts in the radiation power spectrum (Bond et al 1994).

In addition, there are possible sources of ‘foreground’ contamination such as synchrotron and free-free emission (at low frequency) and dust (at high frequency). These non-cosmological sources have been discussed in detail in the review of Readhead & Lawrence (1992) and we will not mention them further except to say that to discriminate between these sources it is necessary to have good frequency coverage and a wide range of angular resolutions.

7 Miscellaneous

7.1 Polarization

Penzias & Wilson (1965) set a limit of 10% on the polarization of the CMB, and there have been several subsequent upper limits (e.g. Nanos 1979, Caderni et al 1978, Lubin & Smoot 1981, Lubin et al 1983, Partridge et al 1988, Wollack et al 1993), but so far none which have been low enough to be cosmologically interesting.

Any quadrupole anisotropy in the radiation field will give rise to a linear polarization when it is Thomson scattered. This was first suggested in the case of an anisotropic universe (Rees 1968, Anile 1974, Dautcourt & Rose 1978), but can also arise, generally of smaller amplitude, from any inhomogeneity, and can moreover be enhanced by reionization (Negroponte & Silk 1980, Basko & Polnarev 1980, Stark 1981, Tolman & Matzner 1984, Nasel’skiĭ & Polnarev 1987, Ng & Ng 1993). A transfer equation similar to equation (22) can be written for the polarization amplitude Δ_P (Bond & Efstathiou 1987). Solutions indicate that the level of anisotropy is generally small for standard recombination. Efstathiou (1988) has developed approximations for calculating the small angular scale autocorrelation function of Δ_P in reionization scenarios. Kaiser (1983) has shown that the r.m.s. polarization from density fluctuations is typically 10–20% of ΔT /T for adiabatic fluctuations on arc-minute scales. This means that it is still well below the detection levels of present-day experiments. The problem has been studied numerically, including both the contribution of density fluctuations and gravitational waves in Crittenden et al (1993a), where it was shown that the additional contribution due to gravity wave modes was too small to be resolved with current sensitivities (see also Frewin et al 1993). However, in future, as these experiments become more sensitive and it becomes more difficult to distinguish real fluctuations from those caused by confusion with faint radio sources and diffuse emission from the Galaxy, it may be that polarization information could be used as a discriminant.

The polarization pattern can also be a useful test of the ionization history of the universe. The important point is that the polarization pattern is expected to be coherent over scales corresponding to the thickness of the last scattering surface (Hogan et al 1982). Hence coherence on scales ≫ 10 arc minutes would imply that reionization had indeed taken place. Note that all of the statements above are for linear polarization – circular polarization is not expected to be generated unless there are primordial magnetic fields or strong anisotropies at the scattering epoch.

7.2 Open universes

Until now, we have implicitly assumed that Ω_0 = 1 as favoured by inflationary models. However astronomical evidence generally favours Ω_0 ∼ 0.2(±0.1), based on large-scale structure (<10 Mpc) studies. The negatively-curved spatial hypersurfaces of a low density (Λ = 0) Friedmann model greatly complicate the analysis of large angular scale anisotropy in the CMB. One expects that the curvature radius will introduce a feature into the low order multipoles, due to gravitational focussing of geodesics that shifts the power from lower to higher orders. The characteristic angular scale is ∼ Ω_0 radian. This effect is analogous to the “ring-of-fire” effect in weakly anisotropic cosmologies (Wilson & Silk 1981, Fabbri et al 1983). Early calculations include those of Kaiser (1982) and Peebles (1982b). This redistribution of the low-order multipole moments was realized in the elegant numerical computations of Wilson (Silk & Wilson 1981, Wilson & Silk 1981, Wilson 1983), who expanded the radiation power spectrum in terms of generalized wave-number √ k^2 + K, where K is the spatial curvature, defined as eigenvalues of the Laplace operator for density perturbations in a curved background.

Similar results to those of Wilson were subsequently obtained by Tomita & Tanabe (1983), and Abbott & Schaefer (1987). These latter authors used a gauge-invariant approach, expanded the power spectrum in wave-number k, and included cosmic variance in estimating the multipole moments. Górski & Silk (1989) computed the low order multipoles for the case of primordial isocurvature (or entropy) fluctuations. Their results were generalized by Gouda et al (1991a,b), who included both primordial adiabatic and entropy fluctuations, and computed the contribution from the integrated Sachs-Wolfe term. This line-of-sight term vanishes in flat Ω_0 = 1 models but gives an important contribution to all scales in an open model (Hu & Sugiyama 1993).

Any simple interpretation of the results, however, is complicated by the fact that the concepts of wave number and power-law spectrum must be generalized to curved hyperspaces. They can no longer simply be interpreted in terms of constant curvature fluctuations associated with a spectrum of comoving scales if e.g. n = 1. Kamionkowski & Spergel (1993) have studied power spectra for primordial adiabatic fluctuations that are power-laws in either volume (most large scale power) or distance, or eigenvalues of the Laplace operator (most large scale power), and find that in all cases there is some suppression of the multipoles on scales larger than the curvature scale. In a flat universe, these 3 definitions of power spectrum would all coincide. There is large uncertainty in defining the spectrum because of the lack of any unique prescription for the initial conditions in a low-Ω universe. Indeed, much of the motivation for a Harrison-Zel’dovich spectrum is lost if Ω_0 < 1, because one can no longer appeal to simple models of inflation. More complex models that“predict” fluctuation spectra in open models, whether for primeval curvature perturbations (Lyth & Stewart 1990) or for primordial entropy perturbations (Yokoyama & Suto 1991, Dolgov & Silk 1993), are not compelling.

Given the above, it appears that in low-Ω_0 universes, adiabatic CMB fluctuations are larger than their Ω_0 = 1 counterparts for the same value of H_0 (of course when Ω_0 < 1 the requirement of small H_0 is relaxed and the anisotropy can be somewhat reduced). The most detailed model of fluctuations in an open universe to date is the BDM model discussed in section 2.2. Analysis of the spectrum produced by this model is complicated, as radiation drag (from the non-zero x_e) can alter the shape, and the integrated Sachs-Wolfe effect is important on large scales in addition to the secondary fluctuations induced on small scales (Gouda et al 1991a). This model appears to be tightly constrained by current observations (Chiba et al 1993).

7.3 Effects of a cosmological constant

Due to the emerging, but still controversial, discrepancy between the lifetime of a matter-dominated Ω_0 = 1 universe inferred from the Hubble constant, and the lifetime inferred by stellar evolution (see e.g. Demarque et al 1991) there has been interest in the possibility that the cosmological constant may be non-zero (see also Caroll et al 1992). This would allow Ω_0 < 1 while retaining a “flat” cosmology and avoid the “Ω-problem” (see e.g. Kolb & Turner 1990). If a large vacuum energy drove an inflationary phase in the early universe, the idea that it may be non-zero today is not wildly implausible.

Note that a non-zero cosmological constant has little effect on the large-scale structure and dynamics of the Universe (e.g. Markevitch et al 1991, Lahav et al 1991), and will have negligible effect on the recombination process and the visibility function. However, microwave background fluctuations will be significantly different in Λ ≠ 0 models. This is because of several effects.

Firstly, there is a change in angular scales. The angle at recombination corresponding to a proper length λ can be approximated as θ ≃ 30^{′′}Ω^{1/3}_0 (1 − Ω_0)^{−1/4}λ(h^{−1}Mpc) (Blanchard 1984, Stelmach et al 1990). Hence, for the same normalization, the Λ ≠ 0 model measures anisotropies which correspond to smaller angular scales than in the Λ = 0 model. Secondly, since the growth of fluctuations is different in a Λ ≠ 0 model, the potential fluctuations are no longer constant in time. Hence the Sachs-Wolfe temperature fluctuations pick up a piece due to the integrated potential term (see equation 8). This modifies the (scalar) Sachs-Wolfe formula (Görski et al 1992, Vittorio & Silk 1992, Sugiyama et al 1990, Hu & Sugiyama 1993, Stompor & Görski 1993). [The formula for the tensor mode contribution is essentially unchanged]. Generally the integrated Sachs-Wolfe effect for a flat Ω_0 < 1 universe is less important than in the case of an open universe. Finally, the fluctuations (assuming they are linear) stop growing when the the cosmological constant becomes important, which happens at 1 + z ∼ (Ω^{−1}_0 − 1)^{1/3}. For fixed power spectrum today the potential in the early universe scales as Ω_0/D (Peebles 1984), where D is the growth factor and the extra factor of Ω_0 comes from Φ ∝ Ω_0. [Similar conclusions can also be drawn (Sugiyama & Sato 1992) for models in which the cosmological constant decays with time (Freese et al 1987, Ratra & Peebles 1988, Overduin et al 1993).]

7.4 Topology

The fluctuations at large angular scales can also be used to constrain the topology of the Universe, which in principle could be non-trivial (Zel’dovich 1973, Sokolov & Starobinskiĭ 1976, Fang & Houjun 1987, Fang 1991). The Sachs-Wolfe spectrum of C_ℓ’s is an integral over the power spectrum (equation 13) in an ordinary simply-connected universe, but becomes a sum over modes which are harmonics of the box-size in a universe which has the topology of a three-torus (i.e. periodic boundary conditions). This sum fails to accurately approximate the integral on scales approaching that of the box. Then the fact that COBE measures a roughly flat power spectrum on large scales means that the box must be roughly the horizon size or bigger, unless the initial power spectrum has a pathological increase for small multipoles. More detailed comparisons indicate that the scale of any such topology is ∼> 80% of the horizon size (Stevens et al 1993, Sokolov 1993, Starobinskiĭ 1993).

For open universes Gurzadyan and collaborators have argued that curvature effects may result in elongated shapes of anisotropies in the CMB (Gurzadyan & Kocharyan 1993, Gurzadyan & Torres 1993). The isotropy pattern of the CBR can also be used to place limits on the rotation of the Universe (Collins & Hawking 1973, Barrow et al 1985). Currently the limit on the dimensionless rotation is ω/H_0 ∼< 10^{−6} (Smoot 1992), which is about 1^{′′} every 30 Gyr!

8 Conclusions

The CMB is a unique laboratory for studying the initial conditions that gave rise to the observed Universe. In particular, the temperature fluctuations on scales from arc-minutes to tens of degrees provide, at least in principle, a precise measure of the primordial density fluctuation power spectrum. The difficulties arise in large part because of the “dirty window” effect: foreground contamination, predominantly galactic but possibly atmospheric and extragalactic, obscures our view of the last scattering surface. Improved sky coverage, angular resolution, and frequency coverage will eventually help surmount these obstacles, but we do not anticipate an early answer. Another problem arises with the proliferation of astrophysical parameters: these include Ω_0, baryon density, ionization history, primordial power spectrum shape, isocurvature or adiabatic fluctuation contribution, tensor mode strength, fraction of cold, warm and hot dark matter, Λ, role of topological defects as seeds, non-gaussian fluctuations, and decaying dark matter. In the future we can hope that the sensitivity to all these parameters will be seen as a boon rather than as a ‘problem’.

With post-COBE fluctuations being reported (in at least 8 other experiments at the time of preparing this review) plots like figures 3 and 4 are likely to become familiar. Several questions are immediately apparent: Are the experiments consistent with each other? Is there any evidence for a Doppler peak in the data? Problems with foreground contamination and other systematic effects may mean that some experiments should be assigned larger error bars. But given this extra leeway, and taking full account of the sample variance etc., will they prove to be consistent with Gaussian fluctuations on the sky? If the answer to this question is ‘no’, then perhaps we will require non-Gaussian fluctuations, or patchy re-ionization, or perhaps even some new component of cold galactic dust. At the moment all of these avenues are worth exploring, but it is premature to say that any such ideas are necessary.

At present, the number of definitive conclusions one can draw is depressingly few. There is also a vigorous debate as to the optimal method of confronting experiment and theory, whether by Bayesian or frequentist techniques. It is clear that from the CMB measurements alone, one model, that of adiabatic fluctuations in a baryon-dominated universe, can be discarded. Dark matter has proved an invaluable foil for resurrecting flat models, and at present one cannot even eliminate the canonical cold dark matter model from consideration. However we are at an exciting moment in the history of this data-starved subject: many results are being reported and we are on the verge of being able to eliminate, or to confirm, the n = 1 Harrison-Zel’dovich spectrum that was proposed in the earliest and simplest inflationary models. Almost all models predict Doppler/intrinsic fluctuation peaks over 10-60 arc-min: current experiments should be able to decide soon on the reality of these features as sky coverage is improved. If the Doppler peaks are not present then this would provide a strong argument in favour of reionization.

Theorists may rightly consider new directions. Late-time phase transitions (Hill et al 1989, Nambu et al 1991, Jaffe et al 1994) showed some brief promise of producing minimal fluctuations, but even this class of models is detectable at a level of ΔT /T ∼ 10^{−5}. Textures produce extreme hot spots, that can perhaps be alleviated with a high (b ∼ 4) bias factor, allow the possibility of living with hot or even baryonic dark matter, but remain a relatively soft target for theories of large-scale structure. Significant, large-scale, non-Gaussian behaviour remains elusive in any model of structure formation, but might well be a useful weapon to bring to bear on the intermediate angular scale data. Perhaps a complex reionization history would generate non-Gaussian smoothing signatures. Also galaxies could contain unsuspectedly large amounts of cold dust in their halos, and provide an unavoidable contamination of the CMB fluctuation signal, a prospect that must seem less unlikely if halos indeed are baryonic. The fact that “point” sources are being reported in at least one CMB anisotropy experiment with spectra indistinguishable from that of the CMB must add to one’s concern about foreground contamination that has not previously shown up in IRAS 100 μm maps. The large-scale bulk flows seen in the galaxy distribution, now observed to 15,000 km s^{−1}, imply observable signatures in the CMB on sub-degree scales: if these flows are confirmed and corresponding precursor ΔT /T fluctuations from the last scattering surface are not observed, a non-Gaussian fluctuation model would seem to be the only resolution.

The next few years promise to be a lively time in cosmology, both for theory and observation, as the ΔT /T measurements are refined. Observations on all angular scales, from tens of degrees to sub-arcminute scales, will undoubtedly play a role.

Acknowledgments

We would like to thank the many people who communicated details of their experimental and other work, often ahead of publication. We had useful discussions with many colleagues, including Ted Bunn, Mark Devlin, Wayne Hu, Marc Kamionkowski, Lawrence Krauss, Andrew Liddle, Mark Srednicki, Albert Stebbins, Juan Uson and particularly Naoshi Sugiyama.

A Some useful numbers

Converting from multipole space ℓ to angles θ is accomplished via the approximate formula θ 1^∘ ≃ 60 ℓ . (36)

It is this equality that is used to make statements that certain measurements are on a scale of θ. Furthermore at any z ≫ 1 an angle θ degrees subtends a comoving distance of 105 θ (Ω_0h)^{−1}Mpc.

To convert from ℓ to comoving wavenumber k we have ℓ ≃ (6,000 h^{−1}Mpc)k. Additionally we have the physical scales (at horizon crossing) k^{−1}_{hor} = 6000 h^{−1}Mpc k^{−1}_{curv} = 3000 (1 − Ω_0)^{−1/2} h^{−1}Mpc k^{−1}_{rec} = 180 Ω^{−1/2}_0 h^{−1}Mpc k^{−1}_{eq} = 39 (Ω_0h)^{−1} h^{−1}Mpc

. (37)

The redshifts of equality, recombination and decoupling (Compton cooling) for standard recombination are

1 + z_{eq} = 23,900 (Ω_0h^2) 1 + z_{rec} = 1100 1 + z_{dec} = 500 (Ω_Bh^2)^{2/5},

(38)

and for reionization with constant ionized fraction x_e

1 + z_{dec} = 6.0 (Ω_0h^2)^{1/5}x^{−2/5}_e 1 + z_{drag} = 120 (Ω_0h^2)^{1/5}x^{−2/5}_e .

(39)

Also the following angles can be useful:

Hubble radius Δθ(H^{−1}, z ≫ 1) =^1/2Ω^{1/2}_0 z^{−1/2} = 0^∘.87Ω^{1/2}_0 (z/1100)^{−1/2} Length scale Δθ(λ, z ≫ 1) =^1/2Ω_0H_0R_0λ = 34^{′′}.4 (Ω_0h)λ_{Mpc} = 65^{′′}.4 (Ω^{2/3}_0 h^{1/3})(M/10^{12}M_⊙)^{1/3} Curvature scale Δθ(RR_0/R, z ≫ 1) =^1/2Ω_0/(1 − Ω_0)^{1/2} = 28^∘.6 Ω_0(1 − Ω_0)^{−1/2}

(40)

B Sachs-Wolfe effect

In this appendix we give a brief derivation of the Sachs-Wolfe effect in a “flat” cosmology with no cosmological constant, using the metric perturbation approach. Our starting point is the metric (following Sachs & Wolfe 1967)

ds^2 = a^2(η) ( g^{(0)}_{μν} + h_{μν} ) dx^μdx^ν = a^2(η)ds̄^2, (41)

where a(η) is the scale factor, η is the conformal time and g^{(0)}μν is the unperturbed metric (Minkowski space). To understand the temperature fluctuations induced by the perturbations we need to study the photon trajectories in ds^2. For photon (null) geodesics ds^2 = 0 so by (41) there is a 1-to-1 correspondence between photon paths in ds^2 and ds̄^2. This allows us to consider the problem first in ds̄^2 and later translate our results in ds^2.

We can solve for the geodesics by extremizing the Lagrangian g_{μν}ẋ^μẋ^ν; the geodesic (Euler-Lagrange) equations for ds̄^2 are d dζ ( (g^{(0)}_{μν} + h_{μν} )ẋ^ν ) = 1 2 h_{νρ,μ}ẋ^νẋ^ρ, (42) where ζ is a parameter along the photon trajectory and the overdot represents differentiation w.r.t. ζ. The term in parenthesis is the 4-momentum k_μ. Integrating we find

k_0 = E + E 2 ∫_ζ 0 dζ^′ h_{ρσ,0}ẋ^{(0)ρ}ẋ^{(0)σ} + O(h^2) and k̂ = Eê + O(h), (43)

where E is the unperturbed energy and x^{(0)} = (const + ζ^′, ζ^′ê) is the unperturbed photon path.

The photon energy seen by an observer with 4-velocity u ( | |u^2 | | = 1) is k · u. Using u = (1 −^1_2 h_{00}, ⃗v) with |⃗v| ≪ 1 and (43) (k · u)_e (k · u)_r = ( 1 − 1 2 ∫_r e h_{ρσ,0}ẋ^{(0)ρ}ẋ^{(0)σ} dζ + 1 2 h_{00} | | | r e − ⃗v · ê | | | r e ) + O ( h^2 ) , (44)

where e and r refer to “emission” and “reception” respectively. The corresponding expression in ds^2 comes from multiplying the whole expression by a(η_r)/a(η_e) to account for the cosmological redshift.

Assuming a uniform source and using the correspondence h_{00} = 2Φ between the metric perturbation and the Newtonian potential the temperature fluctuation induced is ( ΔT T ) SW = Φ | | | r e − ⃗v · ê | | | r e − 1 2 ∫_r e h_{ρσ,0}ẋ^{(0)ρ}ẋ^{(0)σ} dζ. (45)

The three terms can be identified as the gravitational potential redshift, the Doppler effect due to motion of the emitter and receiver, and an extra effect due to the time dependence of the metric (see also Stebbins 1993). In a flat Λ = 0 universe Φ is constant in time in linear theory so the last (integral) term vanishes and in the absence of Doppler shifts the potential change is known as the Sachs-Wolfe effect. In this limit the Sachs-Wolfe effect is simply the red-shifting of the photon as it climbs out of the potential on the surface of last scattering (assuming Φ = 0 at the time of observation). In some cases, such as with gravitational waves, non-flat or Λ dominated cosmologies, or non-linear fluctuations, the integral term can also play a role.

Literature Cited Abbott LF, Schaefer RK. 1986. Ap. J. 308: 546 Abbott LF, Wise MB. 1984a. Ap. J. Lett. 282: L47 Abbott LF, Wise MB. 1984b. Phys. Lett. B135: 279 Abbott LF, Wise MB. 1984c. Nucl. Phys. B244: 541 Achilli S, Occhionero F, Scaramella R. 1985. Ap. J. 299: 577 Adams FC, Bond JR, Freese K, Frieman JA, Olinto A. 1992. Phys. Rev. D47: 426 Allen TJ, Grinstein B, Wise MB. 1987. Phys. Lett. B197: 66 Anile AM. 1974. Astrophys. Sp. Sci. 29: 415 Anninos P, Matzner RA, Tuluie R, Centrella J. 1991. Ap. J. 382: 71 Argüeso F, Martínez-González E. 1989. MNRAS 238: 1431 Arnau JV, Fullana MJ, Monreal L, Saez D. 1993. Ap. J. 402: 359 Atrio-Barandela F, Doroshkevich AG. 1994a. Ap. J. 420: 26 Atrio-Barandela F, Doroshkevich AG. 1994b. Ap. J., In press Atrio-Barandela F, Doroshkevich AG, Klypin AA. 1991. Ap. J. 378: 1 Atrio-Barandela F, Kashlinsky A. 1992. Ap. J. 390: 322 Atrio-Barandela F, Silk J. 1993. Preprint: Berkeley Axenides N, Brandenberger R, Turner MS. 1983. Phys. Lett. 126B: 178 Banday AJ, Wolfendale AW. 1990. MNRAS 245: 182 Banday AJ, Wolfendale AW. 1991a. MNRAS 248: 705 Banday AJ, Wolfendale AW. 1991b. MNRAS 252: 462 Banday AJ, Giler M, Szabelska B, Szabelski J, Wolfendale AW. 1991. Ap. J. 375: 432 Bardeen JM, Bond JR, Efstathiou G. 1987. Ap. J. 321: 28 Bardeen JM, Bond JR, Kaiser N, Szalay AS. 1986. Ap. J. 304: 15 Barrow JD, Juszkiewicz R, Sonoda DH. 1985. MNRAS 213: 917 Barrow JD, Coles P. 1991. MNRAS 248: 52 Bartlett J, Silk J. 1993. Ap. J. Lett. 407: L45 Basko MM, Polnarev AG. 1980. MNRAS 191: 207 Baugh CM, Efstathiou G. 1993a. MNRAS 265: 145 Baugh CM, Efstathiou G. 1993b. MNRAS, In press Bennett CL, et al. 1992. Ap. J. Lett. 396: L7 Bennett CL, et al. 1993. Ap. J. Lett. 414: L77 Bennett CL, et al. 1994. preprint: COBE Bennett DP, Stebbins A, Bouchet FR. 1992. Ap. J. Lett. 399: L5 Bennett DP, Rhie SH. 1993. Ap. J. Lett. 406: L7 Berger JO. 1985. Statistical decision theory and Bayesian analysis, New York: Springer-Verlag. 2nd ed. Bernstein IN, Bernstein DN, Dubrovich VK. 1977. Sov. Astron. 54: 727 Bertschinger E, Dekel A, Faber SM, Dressler A, Burstein D. 1990a. Ap. J. 364: 370 Bertschinger E, Górski KM, Dekel A. 1990b. Nature 345: 507 Birkinshaw M. 1990. In The Cosmic Microwave Background: 25 Years Later, ed. N Mandolesi, N Vittorio, p. 77. Dordrecht: Kluwer Birkinshaw M, Gull SF, Hardebeck HE. 1984. Nature 309: 34 Birkinshaw M, Gull SF, Moffet AT. 1981. Ap. J. Lett. 251: L69 Birkinshaw M, Gull SF, Hardebeck HE, Moffet AT. 1993. Ap. J., Submitted Blanchard A. 1984. Astron. Astrophys. 132: 359 Blanchard A, Schneider J. 1987. Astron. Astrophys. 184: 1 Blumenthal GR, Faber SM, Primack JR, Rees MJ. 1984. Nature 311: 517 Bond JR. 1988. In The Early Universe, ed. WG Unruh, GW Semenoff, p. 283. Dordrecht: Reidel Bond JR. 1993. In Proceedings of the IUCAA Dedication Ceremonies, ed. T Padmanabhan, New York: John Wiley & Sons, In press Bond JR. 1994. In Proceedings of the Capri workshop, In press Bond JR, Carr BJ, Hogan CJ. 1986. Ap. J. 306: 428 Bond JR, Carr BJ, Hogan CJ. 1991a. Ap. J. 367: 420 Bond JR, Crittenden R, Davis RL, Efstathiou G, Steinhardt PJ. 1994. Phys. Rev. Lett. 72: 13 Bond JR, Efstathiou G. 1984. Ap. J. Lett. 285: L45

Bond JR, Efstathiou G. 1987. MNRAS 226: 655 Bond JR, Efstathiou G, Lubin PM, Meinhold, PR. 1991b. Phys. Rev. Lett. 66: 2179 Bond JR, Efstathiou G, Silk J. 1980. Phys. Rev. Lett. 45: 1980 Bond JR, Szalay AS. 1983. Ap. J. 274: 443 Bond JR, Myers ST. 1991. In Trends in Astroparticle Physics, ed. D Cline, R Peccei, p. 262. Singapore: World Scientific Bonometto SA, Caldara A, Lucchin F. 1983. Astron. Astrophys. 126: 377 Bonometto SA, Lucchin F, Valdarnini R. 1984. Astron. Astrophys. 140: L27 Bouchet FR, Bennett DP, Stebbins A. 1988. Ap. J. 327: 584 Bouchet FR, Bennett DP, Stebbins A. 1992. Nature 335: 410 Boughn SP, Cheng ES, Cottingham DA, Fixsen, DJ. 1992. Ap. J. Lett. 391: L49 Boughn SP, Jahoda K. 1993. Ap. J. Lett. 412: L1 Brandenberger RH. 1993. In Second International School of Physics ‘D Chalonge’, Singapore: World Scientific Brandenberger RH, Kaplan DM, Ramsey SA. 1993. Preprint: Brown Brandenberger RH, Perivolaropoulos L, Stebbins A. 1990. Int. J. Mod. Phys. 5: 1633 Brandenberger RH, Turok N. 1986. Phys. Rev. D33: 2182 Brandt WN, Lawrence CR, Readhead ACS, Pakianathan JN, Fiola TM. 1993. Ap. J., In press Bunn EF, Hofman Y, Silk J. 1993. Ap. J., In press Bunn EF, White M, Srednicki M, Scott D. 1994. Ap. J., In press Burke WL. 1975. Ap. J. 196: 329 Caderni N, Fabbri R, Melchiorri F, Natale V. 1978. Phys. Rev. D17: 1901 Carlberg RG. 1991. Ap. J. 367: 385 Carr BJ, Lidsey JE. 1993. Phys. Rev. D48: 543 Carroll SM, Press WH, Turner EL. 1992. Annu. Rev. Astron. Astrophys. 30: 499 Cavaliere A, Menci N, Setti G. 1991. Astron. Astrophys. 245: L21 Cayón L, Martínez-González E, Sanz JL. 1991. MNRAS 253: 599 Cayón L, Martínez-González E, Sanz JL. 1993a. Ap. J. 403: 471 Cayón L, Martínez-González E, Sanz JL. 1993b. Ap. J. 413: 10 Cayón L, Martínez-González E, Sanz JL. 1993c. Preprint: Cantabria Cen R, Gnedin NY, Kofman LA, Ostriker JP. 1992. Ap. J. Lett. 399: L11 Cen R, Ostriker JP. 1992. Ap. J. 399: 331 Cen R, Ostriker JP. 1993. Ap. J. 414: 407 Cen R, Ostriker JP, Peebles PJE. 1993. Ap. J. 415: 423 Centrella J, Gallagher JS, Melott AL, Bushouse HA. 1988. Ap. J. 333: 24 Cheng ES, et al. 1994. Ap. J. Lett., in press Chiba T, Sugiyama N, Suto Y. 1993. Ap. J., Submitted Chitre SM, Narlikar JV, Padmanabhan T. 1986. Phys. Lett. A117: 285 Chodorowski M. 1992. MNRAS 259: 218 Cole S, Efstathiou G. 1989. MNRAS 239: 195 Cole S, Kaiser N. 1988. MNRAS 233: 637 Coles P. 1988a. MNRAS 231: 125 Coles P. 1988b. MNRAS 234: 509 Coles P, Barrow JD. 1987. MNRAS 228: 407 Collins CB, Hawking SW. 1973. MNRAS 162: 207 Copeland E, Kolb EW, Liddle AR, Lidsey JE. 1993a. Phys. Rev. Lett. 71: 219 Copeland E, Kolb EW, Liddle AR, Lidsey JE. 1993b. Phys. Rev. D48: 2529 Copeland E, Kolb EW, Liddle AR, Lidsey JE. 1993c. Preprint: FNAL-PUB-93/258-A Corey BE, Wilkinson DT. 1976. Bull. Am. Astron. Soc. 8: 351 Couchman HMP. 1985. MNRAS 214: 137 Couchman HMP, Rees MJ. 1986. MNRAS 221: 53 Coulson D, Pen U-L, Turok N. 1993. Preprint: Princeton Crittenden R, Bond JR, Davis RL, Efstathiou G, Steinhardt PJ. 1993a. Phys. Rev. Lett. 71: 324 Crittenden R, Davis RL, Steinhardt PJ. 1993b. Ap. J. Lett. 417: L13 Daly RA. 1991. Ap. J. 371: 14 Danese L, De Zotti G, Mandolesi N. 1983. Astron. Astrophys. 121: 114 Dautcourt G. 1977. Astron. Nachrichten 298: 141

Dautcourt G, Rose K. 1978. Astron. Nachrichten 299: 13 Davies RD, et al. 1992. MNRAS 258: 605 Davis M. 1980. Physica Scripta 21: 717 Davis M, Efstathiou G, Frenk CS, White SDM. 1985. Ap. J. 292: 371 Davis M, Peebles PJE. 1983. Ap. J. 267: 465 Davis M, Summers FJ, Schlegel D. 1992. Nature 359: 393 Davis RL, Hodges HM, Smoot GF, Steinhardt PJ, Turner MS. 1992. Phys. Rev. Lett. 69: 1856 (erratum: 70:1733) de Bernardis P, Masi S, Vittorio N. 1991. Ap. J. 382: 515 de Bernardis P, et al. 1992. Ap. J. Lett. 396: L57 de Bernardis P, et al. 1993. Astron. Astrophys. 271: 683 de Bernardis P, et al. 1994. Ap. J., In press Dekel A. 1983. Ap. J. 264: 373 Dekel A, Bertschinger E, Yahil A, Strauss MA, Davis M, Huchra JP. 1993. Ap. J. 412: 1 Demarque P, Deliyannis CP, Sarajedini A. 1991. In Observational Tests of Cosmological Inflation, ed. T Shanks et al, p.111. Netherlands: Kluwer Devlin M, et al. 1993. in Proc. NAS Colloquium on Physical Cosmology (Irvine), In press Dicke RH, Peebles PJE, Roll PG, Wilkinson, DT. 1965. Ap. J. 142: 414 Dodelson S, Jubas JM. 1993a. Phys. Rev. Lett. 70: 2224 Dodelson S, Jubas JM. 1993b. Ap. J., Submitted Dodelson S, Stebbins A. 1993. Ap. J.: Submitted Dolgov A, Silk J. 1993. Phys. Rev. D47: 2619 Doroshkevich AG. 1988. Sov. Astron. Lett. 14: 125 Doroshkevich AG, Novikov ID, Polnarev AG. 1977. Sov. Astron. 21: 523 Doroshkevich AG, Zel’dovich Ya B, Sunyaev RA. 1978. Sov. Astron. 22: 523 Doroshkevich AG, Zel’dovich Ya B, Sunyaev RA, Khlopov MYu. 1980. Sov. Astron. Lett. 6: 457 Dragovan M, et al. 1993. Ap. J., Submitted Dubrovich VK. 1975. Sov. Astron. Lett. 1: 3 Dubrovich VK. 1993. Sov. Astron. Lett. 19: 132 Dyer CC. 1976. MNRAS 175: 429 Efstathiou G. 1988. In Large-Scale Motions in the Universe. A Vatican Study Week, ed. VC Rubin, GV Coyne, p. 299.

Princeton NJ: Princeton University Press Efstathiou G. 1990. In Physics of the Early Universe: Proceedings of the 36th Scottish Universities Summer School in Physics, ed. JA Peacock, AE Heavens, AT Davies, p. 361. New York: Adam Hilger Efstathiou G, Bond JR. 1986. MNRAS 218: 103 Efstathiou G, Bond JR. 1987. MNRAS 227: 33 p Efstathiou G, Bond JR, White SDM. 1992. MNRAS 258: 1 p Efstathiou G, Sutherland WJ, Maddox SJ. 1990. Nature 348: 705 Fabbri R, Guidi I, Natale V. 1983. Astron. Astrophys. 122: 151 Fabbri R, Lucchin F, Matarrese S. 1987. Ap. J. 315: 1 Fabbri R, Pollock MD. 1983. Phys. Lett. B125: 445 Fahr HJ, Loch R. 1991. Astron. Astrophys. 146: 1 Falk T, Rangarajan R, Srednicki M. 1993. Ap. J. Lett. 403: L1 Fang L-Z. 1991. In Trends in Astroparticle Physics, ed. D Cline, R Peccei, p. 34. Singapore: World Scientific Fang L-Z, Houjun M. 1987. Modern Phys. Lett. A2: 229 Feldman HA, Kaiser N, Peacock JA. 1993. Ap. J., In press Feng LL, Liu JM. 1992. Astron. Astrophys. 264: 385 Fink E. 1993. PhD thesis.: University of Florence Fisher KB, Davis M, Strauss MA, Yahil A, Huchra JP. 1993. Ap. J. 402: 42 Fixsen DJ, et al. 1994. Ap. J., In press Fomalont EB, Partridge RB, Lowenthal JD, Windhorst RA. 1993. Ap. J. 404: 8 Franceschini A, Toffolatti L, Danese L, De Zotti G. 1989. Ap. J. 344: 35 Freese K, Adams FC, Frieman JA, Mottola E. 1987. Nucl. Phys. B287: 797 Frenk CS. 1991. Physica Scripta T36: 70 Frenk CS, White SDM, Efstathiou G, Davis M. 1990. Ap. J. 351: 10 Frewin RA, Polnarev AG, Coles P. 1993. Preprint: QMW

Fry JN, Wang Y. 1992. Phys. Rev. D46: 3318 Fukugita M, Kawasaki M. 1993. Preprint: Tokyo Fukugita M, Sugiyama N, Umemura M. 1990. Ap. J. 358: 28 Fukugita M, Turner EL. 1991. MNRAS 253: 99 Gaier T, et al. 1992. Ap. J. Lett. 398: L1 Ganga K, Cheng E, Meyer S, Page L. 1993. Ap. J. Lett. 410: L57 Goicoechea LJ, Martin-Mirones JM. 1992. Astron. Astrophys. 254: 1 Górski KM. 1991. Ap. J. Lett. 370: L5 Górski KM. 1992. Ap. J. Lett. 398: L5 Górski KM. 1993. Ap. J. Lett. 410: L65 Górski KM, Silk J. 1989. Ap. J. Lett. 346: L1 Górski KM, Silk J, Vittorio N. 1992. Phys. Rev. Lett. 68: 733 Górski KM, Stompor R, Juszkiewicz R. 1993. Ap. J. Lett. 410: L1 Gott JR, et al. 1990. Ap. J. 352: 1 Gottlober S, Mucket JP. 1993. Astron. Astrophys. 272: 1 Gouda N, Sugiyama N. 1992. Ap. J. Lett. 395: L59 Gouda N, Sugiyama N, Sasaki M. 1991a. Prog. Theor. Phys. 85: 1023 Gouda N, Sugiyama N, Sasaki M. 1991b. Ap. J. Lett. 372: L49 Gould A. 1993. Ap. J. Lett. 403: L51 Grachev SJ, Dubrovich VK. 1991. Astrophys. 34: 124 Graham P, Turok N, Lubin PM, Schuster JA. 1993. Ap. J., Submitted Gratsias J, Scherrer RJ, Steigman G, Vilumsen JV. 1993. Ap. J. 405: 30 Groth E, Juszkiewicz R, Ostriker JP. 1989. Ap. J. 346: 558 Gull SF, Northover KJE. 1976. Nature 263: 572 Gundersen JO, et al. 1993. Ap. J. Lett. 413: L1 Gunn JE, Tinsley BM. 1975. Nature 257: 454 Gurzadyan VG, Kocharyan AA. 1993. Europhys. Lett. 22: 231 Gurzadyan VG, Torres S. 1993. Preprint: ICRA Gutiérrez de la Cruz CM, Cayón L, Martínez-González E, Sanz JL. 1993. MNRAS, In press Hancock S, et al. 1994. Nature 367: 333 Hara T, Mähönen P, Miyoshi S. 1992. Ap. J. 414: 421 Harrison ER. 1970. Phys. Rev. D1: 2726 Herbig T, Readhead ACS, Lawrence CR. 1992. Bull. Am. Astron. Soc. 24: 1263 Hill CT, Schramm DN, Fry JN. 1989. Comments Nucl. Part. Phys. 19: 25 Hindmarsh M. 1993. Nucl. Phys. B392: 461 Hnatyk BT, Lukash VN, Novosyadlyj BS. 1992. Sov. Astron. Lett. 18: 563 Hodges HM, Blumenthal GR. 1990. Phys. Rev. D42: 3329 Hogan CJ. 1980. MNRAS 192: 891 Hogan CJ. 1982. Ap. J. Lett. 256: L33 Hogan CJ. 1984. Ap. J. Lett. 284: L1 Hogan CJ. 1992. Ap. J. Lett. 398: L77 Hogan CJ, Kaiser N. 1983. Ap. J. 274: 7 Hogan CJ, Kaiser N, Rees MJ. 1982. In The Big Bang and Element Creation, ed. D Lynden-Bell, Philos. Trans. R. Soc.

London Ser. A, 307:97 Holtzman JA. 1989. Ap. J. Suppl. 71: 1 Holtzman JA, Primack JR. 1993. Ap. J. 405: 428 Hu W, Scott D, Silk J. 1994. Phys. Rev. D. 49: 648 Hu W, Sugiyama N. 1993. Phys. Rev. Lett., Submitted Jaffe A, Stebbins A, Frieman JA. 1994. Ap. J. 420: 9 Jones BJT, Wyse RFG. 1985. Astron. Astrophys. 149: 144 Jones M, et al. 1993. Nature 365: 320 Jørgensen HE, Kotok E, Nasel’skiĭ PD, Novikov ID. 1993. MNRAS 265: 261 Juszkiewicz R, Górski KM, Silk J. 1987. Ap. J. Lett. 323: L1 Juszkiewicz R, Vittorio N, Wyse RFG. 1990. Ap. J. 349: 408 Kaiser N. 1982. MNRAS 198: 1033

Kaiser N. 1983. MNRAS 202: 1169 Kaiser N. 1984. Ap. J. 282: 374 Kaiser N. 1987. MNRAS 227: 1 Kaiser N, Efstathiou G, Ellis RS, Frenk CS, Lawrence A, Rowan-Robinson M, Saunders W. 1991. MNRAS 252: 1 Kaiser N, Silk J. 1986. Nature 324: 529 Kaiser N, Stebbins A. 1984. Nature 310: 391 Kamionkowski M, Spergel DN. 1993. Preprint: IAS Princeton Kashlinsky A. 1988. Ap. J. Lett. 331: L1 Kashlinsky A. 1991. Ap. J. Lett. 383: L1 Kashlinsky A. 1992. Ap. J. Lett. 399: L1 Kashlinsky A. 1993a. Ap. J. 402: 369 Kashlinsky A. 1993b. Preprint: GSFC Kashlinsky A, Jones BJT. 1991. Nature 349: 753 Klein U, Rephaeli Y, Schlickeiser R, Wielebinski R. 1991. Astron. Astrophys. 244: 43 Klypin AA, Holtzman JA, Primack JR, Regös E. 1993. Ap. J. 416: 1 Klypin AA, Strukov IA, Skulachev DP. 1992. MNRAS 258: 71 Kodama H, Sasaki M. 1986. Internat. JMod. Phys. A1: 265 Kofman L, Blumenthal GR, Hodges HM, Primack JR. 1991. In Large-scale Structures and Peculiar Motions in the Universe, ed. DW Latham, LA Nicolaci da Costa, ASP Conf. Ser., 15: 339 Kofman L, Gnedin NY, Bahcall NA. 1993. Ap. J. 413: 1 Kogut A, et al. 1993. Ap. J. 419: 1 Kolb EW, Turner MS. 1990. The Early Universe, Redwood City CA: Addison Wesley Kolb EW, Vadas S. 1993. Preprint: Fermilab Korolëv VA, Sunyaev RA, Yakubtsev LA. 1986. Sov. Astron. Lett. 12: 339 Krauss LM, Romanelli P. 1990. Ap. J. 358: 47 Krauss LM, White M. 1992. Phys. Rev. Lett. 69: 869 Krolik JH. 1989. Ap. J. 338: 594 Krolik JH. 1990. Ap. J. 353: 21 Lahav O, Lilje PB, Primack JR, Rees MJ. 1991. MNRAS 251: 128 Lang KR. 1980. Astrophysical Formulae, New York: Springer-Verlag. 2nd ed. Lauer TR, Postman M. 1992. Ap. J. Lett. 400: L47 Lauer TR, Postman M. 1993. Preprint: KPNR Lepp S, Shull JM. 1984. Ap. J. 280: 465 Liddle AR. 1993. Phys. Rev. D: In press Liddle AR, Lyth DH. 1993. Phys. Rep. 231: 1 Liddle AR, Lyth DH. 1992. Phys. Lett. B291: 391 Liddle AR, Lyth DH, Sutherland WJ. 1992. Phys. Lett. B279: 244 Lidsey JE, Tavakol RK. 1993. Phys. Lett. B309: 23 Linder EV. 1988a. Astron. Astrophys. 206: 199 Linder EV. 1988b. Ap. J. 326: 517 Linder EV. 1990. MNRAS 243: 353 Loveday J, Efstathiou G, Peterson BA, Maddox SJ. 1992. Ap. J. Lett. 400: L43 Lubin PM, Smoot GF. 1981. Ap. J. 245: 1 Lubin PM, Melese P, Smoot GF. 1983. Ap. J. Lett. 273: L51 Lucchin F, Matarrese S, Mollerach S. 1992. Ap. J. Lett. 401: L49 Luo X, Schramm D. 1993a. Ap. J. 408: 33 Luo X, Schramm D. 1993b. Phys. Rev. Lett. 71: 1124 Lyth DH. 1985. Phys. Rev. D31: 1792 Lyth DH, Stewart ED. 1990. Phys. Lett. B252: 336 Lyubarski YE, Sunyaev RA. 1983. Astron. Astrophys. 123: 171 Lyubimov VA, Novikov EG, Nozik VZ, Tretyakov EF, Kosik VS. 1980. Phys. Lett. B94: 266 Maddox SJ, Efstathiou G, Sutherland WJ, Loveday J. 1990. MNRAS 242: P43 Makino N, Suto Y. 1993. Ap. J. 405: 1 Maoli R, Melchiorri F, Iosti D. 1993. Preprint: Rome Markevitch M, Blumenthal GR, Forman W, Jones C, Sunyaev RA. 1991. Ap. J. Lett. 378: L33

Martel H. 1991. Ap. J. 366: 353 Martínez-González E, Cayón L, Sanz JL. 1993. In 16th Texas Symposium on Relativistic Astrophysics, ed. CW Akerlof, MA Srednicki, Ann. NY Acad. Sci., 688: 827 Martínez-González E, Sanz JL. 1990. MNRAS 247: 473 Martínez-González E, Sanz JL, Silk J. 1990. Ap. J. Lett. 355: L5 Martínez-González E, Sanz JL, Silk J. 1992. Phys. Rev. D46: 4193 Masi S, de Bernardis P, De Petris M, Epitani M, Gervasi M, Guarni G. 1991. Ap. J. Lett. 366: L51 Mather JC, et al. 1994. Ap. J. 420: 439 Matsuda T, Sato H, Takeda H. 1971. Prog. Theor. Phys. 46: 416 Meinhold PR, et al. 1993. Ap. J. Lett. 409: L1 Meinhold PR, Lubin PM. 1991. Ap. J. Lett. 370: L11 Melchiorri F. 1993. Proc. Santander CMB Workshop, In press Moessner R, Perivolaropoulos L, Brandenberger, R. 1993. Preprint: Brown Mollerach S, Matarrese S, Lucchin, F 1993. Preprint: Padova Moscardini L, Matarrese S, Lucchin F, Messina, A. 1991. MNRAS 248: 424 Muciaccia PF, Mei S, Degasperis G, Vittorio N. 1993. Ap. J. Lett. 410: L61 Mukhanov VF, Feldman HA, Brandenberger RH. 1992. Phys Rep 215: 203 Myers ST, Readhead AC, Lawrence CR. 1993. Ap. J. 405: 8 Nambu Y, Ishihara H, Gouda N, Sugiyama N. 1991. Ap. J. Lett. 373: L35 Nanos GP. 1979. Ap. J. 232: 341 Narlikar JV, Padmanabhan T. 1991. Annu. Rev. Astron. Astrophys. 29: 325 Nasel’skiĭ PD, Novikov ID. 1993. Ap. J. 413: 14 Nasel’skiĭ PD, Polnarev AG. 1987. Astrophys. 16: 543 Negroponte J, Silk J. 1980. Phys. Rev. Lett. 44: 1433 Ng KL, Ng KW. 1993. Preprint: IP-ASTP-08-93 Nottale L. 1984. MNRAS 206: 713 Novikov ID, Zel’dovich Ya B. 1967. Annu. Rev. Astron. Astrophys. 5: 627 Ostriker JP. 1993. Annu. Rev. Astron. Astrophys. 31: 689 Ostriker JP, Vishniac ET. 1986. Ap. J. Lett. 306: L51 Overduin JM, Wesson PS, Bowyer S. 1993. Ap. J. Lett. 404: L1 Page LA, Cheng ES, Meyer SS. 1990. Ap. J. Lett. 355: L1 Partridge RB. 1988. Rep. Prog. Phys. 51: 647 Partridge RB, Nowakowski J, Martin HM. 1988. Nature 331: 146 Peacock JA. 1991. MNRAS 253: 1 p Peacock JA, Dodds SJ. 1994. MNRAS, In press Peebles PJE. 1965. Ap. J. 142: 1317 Peebles PJE. 1968. Ap. J. 153: 1 Peebles PJE. 1982a. Ap. J. 258: 415 Peebles PJE. 1982b. Ap. J. 259: 442 Peebles PJE. 1982c. Ap. J. Lett. 263: L1 Peebles PJE. 1984. Ap. J. 284: 439 Peebles PJE. 1987a. Nature 327: 210 Peebles PJE. 1987b. Ap. J. Lett. 315: L73 Peebles PJE. 1993. Principles of Physical Cosmology, Princeton NJ: Princeton University Press Peebles PJE, Wilkinson DT. 1968. Phys. Rev. 174: 2168 Peebles PJE, Yu JT. 1970. Ap. J. 162: 815 Pen U-L, Spergel DN, Turok N. 1993. Preprint: Princeton Penzias AA, Wilson RW. 1965. Ap. J. 142: 419 Perivolaropoulos L. 1993a. Phys. Lett. B298: 305 Perivolaropoulos L. 1993b. Phys. Rev. D48: 1530 Persi FM, Spergel DN. 1993. Preprint: Princeton Polnarev AG. 1985. Sov. Astron. 29: 607 Puy D, et al. 1993. Astron. Astrophys. 267: 337 Ratra B, Peebles PJE. 1988. Phys. Rev. D37: 3406 Readhead ACS, Lawrence CR. 1992. Annu. Rev. Astron. Astrophys. 30: 653

Readhead ACS, et al. 1989. Ap.J. 346: 566 Rees MJ. 1968. Ap. J. Lett. 153: L1 Rees MJ. 1977. In The Evolution of Galaxies and Stellar Populations, ed. BM Tinsley, RB Larson, p. 339. New Haven:

Yale University Observatory Publications Rees MJ, Sciama DW. 1968. Nature 217: 511 Rephaeli Y. 1981. Ap. J. 245: 351 Rephaeli Y. 1993a. In 16th Texas Symposium on Relativistic Astrophysics, ed. CW Akerlof, MA Srednicki, Ann. NY Acad. Sci., 688: 818 Rephaeli Y. 1993b. Ap. J. 418: 1 Rubakov VA, Sazhin MV, Veryaskin AV. 1982. Phys. Lett. B115: 189 Sachs RK, Wolfe AM. 1967. Ap. J. 147: 73 Saez D, Arnau JV, Fullana MJ. 1993. MNRAS 263: 681 Sahni V. 1990. Phys. Rev. D42: 453 Salopek DS. 1992. Phys. Rev. Lett. 69: 3602 Salopek DS, Bond JR, Bardeen JM. 1989. Phys. Rev. D40: 1753 Sasaki M. 1989. MNRAS 240: 415 Sasaki S, Takahara F, Suto Y. 1993. Prog. Theor. Phys. 90: 85 Sazhin MV. 1985. MNRAS 216: 25 p Scaramella R, Baiesi-Pillastrini G, Chincarini G, Vettolani G, Zamorani G. 1989. Nature 338: 562 Scaramella R, Cen R, Ostriker JP. 1993. Ap. J. 416: 399 Scaramella R, Vittorio N. 1990. Ap. J. 353: 372 Scaramella R, Vittorio N. 1991. Ap. J. 375: 439 Scaramella R, Vittorio N. 1993a. MNRAS 263: L17 Scaramella R, Vittorio N. 1993b. Ap. J. 411: 1 Schaefer RK, Shafi Q. 1992. Nature 359: 199 Schaefer RK, Shafi Q, Stecker FW. 1989. Ap. J. 347: 575 Schaeffer R, Silk J. 1988. Ap. J. 333: 509 Scherrer RJ. 1992. Ap. J. 390: 330 Schuster J, et al. 1993. Ap. J. Lett. 412: L47 Scott D, Rees MJ, Sciama DW. 1991. Astron. Astrophys. 250: 295 Scott D, Srednicki M, White M. 1994. Ap. J. Lett. 421: L?? Seljak U, Bertschinger E. 1993. Ap. J. Lett. 417: L9 Shafi Q, Stecker FW. 1984. Phys. Rev. Lett. 53: 1292 Silk J. 1967. Nature 215: 1155 Silk J. 1968. Ap. J. 151: 459 Silk J. 1982. Acta Cosmologica 11: 75 Silk J, Wilson ML. 1980. Physica Scripta 21: 708 Silk J, Wilson ML. 1981. Ap. J. Lett. 244: L37 Smith MS, Kawano LH, Malaney RA. 1993. Ap. J. Suppl. 85: 219 Smoot GF. 1992. In The Infrared and Submillimetre Sky After COBE, ed. M Signore, C Dupraz, p. 331. Dordrecht:

Kluwer Smoot GF, Gorenstein MV, Muller RA. 1977. Phys. Rev. Lett. 39: 898 Smoot GF, et al. 1990. Ap. J. 360: 685 Smoot GF, et al. 1991. Ap. J. Lett. 371: L1 Smoot GF, et al. 1992. Ap. J. Lett. 396: L1 Sokolov DD, Starobinskiĭ AA. 1976. Sov. Astron. 9: 629 Sokolov IYu. 1993. JETP Lett. 57: 617 Souradeep T, Sahni V. 1992. Mod. Phys. Lett. 7: 3541 Srednicki M. 1993. Ap. J. Lett. 416: L1 Srednicki M, White M, Scott D, Bunn E. 1993. Phys. Rev. Lett. 71: 3747 Stark PB. 1993. Ap. J. Lett. 408: L73 Stark RF. 1981. MNRAS 195: 127 Starobinskiĭ AA. 1979. JETP Lett. 30: 682 Starobinskiĭ AA. 1985. Sov. Astron. Lett. 11: 113 Starobinskiĭ AA. 1988. Sov. Astron. Lett. 14: 166

Starobinskiĭ AA. 1993. JETP Lett. 57: 622 Stebbins A. 1988. Ap. J. 327: 584 Stebbins A. 1993. In 16th Texas Symposium on Relativistic Astrophysics, ed. CW Akerlof, MA Srednicki, Ann. NY Acad.

Sci., 688: 824 Steigman G. 1993. Nucl. Phys. B Proc. Suppl. 31: 343 Stelmach J, Byrka R, Dabrowski MP. 1990. Phys. Rev. D41: 2434 Stevens D, Scott D, Silk J. 1993. Phys. Rev. Lett. 71: 20 Stompor R. 1993. Astron. Astrophys., In press Stompor R, Górski KM. 1993. Preprint: Los Alamos Strauss MA, Yahil A, Davis M, Huchra JP, Fisher K. 1992. Ap. J. 397: 395 SubbRao MU, Szalay AS, Schaeffer R, Gulkis S, von Gronefeld P. 1994. Ap. J., In press Subrahmanyan R, Ekers RD, Sinclair M, Silk J. 1993. MNRAS 263: 416 Sugiyama N, Gouda N. 1992. Prog. Theor. Phys. 88: 803 Sugiyama N, Gouda N, Sasaki M. 1990. Ap. J. 365: 432 Sugiyama N, Sasaki M, Tomita K. 1989. Ap. J. Lett. 388: L45 Sugiyama N, Sato K. 1992. Ap. J. 387: 439 Sugiyama N, Silk J, Vittorio N. 1993. Ap. J. Lett. 419: L1 Sunyaev RA. 1977. Sov. Astron. Lett. 3: 491 Sunyaev RA. 1978. In IAU Symposium 79, Large-Scale Structure of the Universe, ed. MS Longair, J Einasto, p. 393.

Dordrecht: Reidel Sunyaev RA, Zel’dovich Ya B. 1970. Astrophys. Sp. Sci. 7: 1 Sunyaev RA, Zel’dovich Ya B. 1972. Comments Astrophys. Sp. Phys. 4: 173 Sunyaev RA, Zel’dovich Ya B. 1980. Annu. Rev. Astron. Astrophys. 18: 537 Suto Y, Górski KM, Juszkiewicz R, Silk J. 1988. Nature 332: 328 Suto Y, Gouda N, Sugiyama N. 1990. Ap. J. Suppl. 74: 665 Szalay AS, Bond JR, Silk J. 1983. In Formation and Evolution of Galaxies and Large Structures in the Universe, ed. J Audouze, J Tran Thanh Van, p. 101. Dordrecht: Reidel Taylor AN, Rowan-Robinson M. 1992. Nature 359: 396 Tegmark M, Silk J, Blanchard A. 1993. Ap. J., In press Thompson KL, Vishniac ET. 1987. Ap. J. 313: 517 Timbie PT, Wilkinson DT. 1990. Ap. J. 353: 140 Tolman BW, Matzner RA. 1984. Philos. Trans. R. Soc. London Ser. A 392: 391 Tomita K, Tanabe T. 1983. Prog. Th. Phys. 69: 828 Tomita K, Watanabe K. 1989. Prog. Th. Phys. 82: 563 Trester JJ, Canizares CR. 1989. Ap. J. 347: 605 Tucker GS, Griffen GS, Nguyen HT, Peterson JB. 1993. Ap. J. Lett. 419: L45 Turner MS. 1993. Phys. Rev. D48: 5539 Turner MS, Steigman G, Krauss L. 1984. Phys. Rev. Lett. 52: 2090 Turner MS, White M, Lidsey JE. 1993. Phys. Rev. D48: 4613 Umemura M, Ikeuchi S. 1985. Ap. J. 299: 583 Uson JM. 1986. In Radio Continuum Processes in Clusters of Galaxies, ed. C O’Dea, JM Uson, p. 255. Green Bank:

NRAO Uson JM, Wilkinson DT. 1984. Ap. J. Lett. 277: L1 Uson JM, Wilkinson DT. 1984. Nature 312: 427 Uson JM, Wilkinson DT. 1984. Ap. J. 283: 471 Van Dalen A, Schaefer RK. 1992. Ap. J. 398: 33 van Kampen E, Martínez-González E. 1991. In Second ‘Recontres de Blois’: Physical Cosmology, ed. A Blanchard et al., Gif-sur-Yvette, France: Editions frontieres Veeraraghavan S, Stebbins A. 1992. Ap. J. Lett. 395: L55 Vishniac ET. 1987. Ap. J. 322: 597 Vittorio N, de Bernardis P, Masi S, Scaramella R. 1989. Ap. J. 341: 163 Vittorio N, Juszkiewicz R. 1987. Ap. J. Lett. 314: L29 Vittorio N, Matarrese S, Lucchin F. 1988. Ap. J. 328: 69 Vittorio N, Meinhold P, Muciaccia PF, Lubin PM, Silk J. 1991. Ap. J. Lett. 372: L1

Vittorio N, Muciaccia PF. 1991. In After the First Three Minutes, ed. SS Holt, CL Bennett, V Trimble, p. 141. New York: American Institute of Physics Vittorio N, Silk J. 1984. Ap. J. Lett. 285: L39 Vittorio N, Silk J. 1985. Ap. J. Lett. 293: L1 Vittorio N, Silk J. 1992. Ap. J. Lett. 385: L9 Vogeley MS, Park C, Geller MJ, Huchra JP. 1992. Ap. J. Lett. 391: L5 Walker PN, Steigman G, Schramm DN, Olive KA, Kang H-S. 1991. Ap. J. 376: 51 Watson RA, et al. 1992. Nature 357: 660 Watson RA, Gutiérrez de la Cruz CM. 1993. Ap. J. Lett. 419: L5 Weymann R. 1965. Ap. J. 145: 560 White M. 1992. Phys. Rev. D42: 4198 White M, Krauss L, Silk J. 1993. Ap. J. 418: 535 White SDM, Davis M, Frenk CS. 1984. MNRAS 209: 27P White SDM, Frenk CS, Davis M. 1983. Ap. J. Lett. 274: L1 Wilbanks TM, Ade PAR, Fischer ML, Holzapfel WL, Lange AE. 1993. In 16th Texas Symposium on Relativistic Astrophysics, ed. CW Akerlof, MA Srednicki, Ann. NY Acad. Sci., 688: 798 Wilson ML. 1983. Ap. J. 273: 2 Wilson ML, Silk J. 1981. Ap. J. 243: 14 Wollack EJ, Jarosik NC, Netterfield CB, Page LA, Wilkinson D. 1993. Ap. J. Lett. 419: L49 Wright EL, et al. 1994a. Ap. J. 420: 1 Wright EL, Smoot GF, Bennett CL & Lubin PM. 1994b. Preprint: COBE Yokoyama J, Suto Y. 1991. Ap. J. 379: 427 Zabotin NA, Nasel’skiĭ PD. 1982. Sov. Astron. 59: 447 Zabotin NA, Nasel’skiĭ PD. 1985. Sov. Astron. 29: 614 Zel’dovich Ya B. 1965. Adv. Astron. Astrophys. 3: 241 Zel’dovich Ya B. 1970. Astron. Astrophys. 5: 84 Zel’dovich Ya B. 1972. MNRAS 160: 1 p Zel’dovich Ya B. 1973. Comments Astrophys. Sp. Sci. 5: 169 Zel’dovich Ya B, Illarionov AF, Sunyaev RA. 1972. Sov. Phys. – JETP 33: 643 Zel’dovich Ya B, Kurt VG, Sunyaev RA. 1968. Zh. Eksp. Teor. Fiz. 55: 278, English translation: Sov. Phys. – JETP, 28:146 (1969) Zel’dovich, Ya B, Sunyaev RA. 1969. Astrophys. Sp. Sci. 4: 301

NOTE ADDED IN PROOF:

Since we submitted this article the field of CMB anisotropies has refused to stay still, and there have been several significant developments. Firstly, the situation with regard to the COBE value of n has been clarified. The best fit to the two year data is 1.10 ± 0.32 including the quadrupole, and 0.87 ± 0.36 excluding the quadrupole (Górski 1994). Similarly the value of Q_{rms−PS} is 20 μK, rather than the earlier 17 μK. Secondly, the new MAX data (Devlin et al 1994, Clapp et al 1994) show consistently high detections at the half-degree scale in all 3 regions scanned. This has added support to the reality of the Doppler peaks. There are also a couple of places where assumptions we made about experiments have turned out to have been wrong: the Python point in figures 3 and 4 is too low by a factor of approximately 3; and the window function for ARGO in figure 5 is too high by a factor of 4 (P. de Bernardis, private communication).

Clapp AC, Devlin MJ, Gundersen JO, Hagmann CA, Hristov VV, et al. 1994. Ap. J. Lett. Submitted Devlin MJ, Clapp AC, Gundersen JO, Hagmann CA, Hristov VV, et al. 1994. Ap. J. Lett. Submitted Górski K, Hinshaw G, Banday AJ, Bennett, CL, Wright EL, et al. 1994. Ap. J. Lett. Submitted